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A Financial Friction Derivations

We start with the model of Duncan and Nolan (2019), which predicts the following
relationship between leverage, the factor wedge and uncertainty in the case of two
income states and low audit costs:

L =
(π̄ + π η)T

(π̄ Ξ− T )(π ηΞ + T )
(A.1)

where L is leverage, and Ξ is uncertainty measured as the difference between
high and low income states, such that l, ξ denote log-linearised fluctuations in L,Ξ,
and τ denotes linearised fluctuations in T .1

The allocations resulting from Equation A.1 are well approximated around the
steady state by the limit as η → 0+.
Let η → 0:

L =
π̄

π̄ Ξ− T
(A.2)

Taking log-quadratic approximations around the steady state yields

l =

(
1

π̄ Ξ− T

)
τ − π̄ Ξ

π̄ Ξ− T
ξ

+
1

2

1

(π̄ Ξ− T )2
τ 2 +

1

2

π̄ ΞT

(π̄ Ξ− T )2
ξ2 − π̄ Ξ

(π̄ Ξ− T )2
ξτ +O(z3)

τ = (π̄ Ξ− T )l + π̄ Ξξ − 1

2
(π̄ Ξ− T )l2 +

1

2
π̄ Ξξ2 +O(z3)

which we express as follows:

τ = τl

(
l − 1

2
l2
)
+ τξ

(
ξ +

1

2
ξ2
)
+O(z3) (A.3)

where τl = π̄ Ξ− T , and τξ = π̄ Ξ.

1Note that Ξ ∝ σ(θ). As a result, log-linearised fluctuations in Ξ can be interpreted as equivalent
to log-linear fluctuations in the volatility of idiosyncratic productivity shocks.
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A.1 Equity risk premium

The equity risk premium is denoted as follows:

R = 1 + LT

and permits the following second order approximation:

ρt =
L

1 + LT

(
T

(
lt +

1

2
l2t

)
+ τt + ltτt

)
+O(z3). (A.4)

Using (A.3), we can write

ρt =
L

1 + LT

(
π̄ Ξlt +

1

2
T l2t −

1

2
(π̄ Ξ− T )l2 + π̄ Ξξ +

1

2
π̄ Ξξ2 +

(
(π̄ Ξ− T )l2 + π̄ Ξlξ

))
+O(z3)

=
π̄ + LT

1 + LT

(
lt +

1

2
l2 + ξ +

1

2
ξ2 + lξ

)
+O(z3)

which we denote

ρt = ψ

(
lt +

1

2
l2 + ξ +

1

2
ξ2 + lξ

)
+O(z3) (A.5)

where ψ = π̄ +LT
1+LT

.

A.2 The importance of audit signal errors η for quantitative analysis

Four our quantitative analysis, we use the full expression (A.1), with strictly positive
η, which we allow to be estimated. The following broad relationships still hold, for
the full nonlinear model,

τl = τξ − T, ψ =
Lτξ

1 + LT
.

This is convenient, and makes the above limiting approximations useful for
analysis of model dynamics. For policy analysis, we require strictly positive η. The
expected welfare costs of audit errors for entrepreneurs do not vanish as η → 0+.
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B Derivations of key model equations

B.1 The model in full

The IS curve
ct = Et[ct+1]−

1

σ
(it − Et[πt+1]) (B.1)

The Phillips curve
πt = βEt[πt+1] + λppt (B.2)

Risk Sharing

σct − cet = σct−1 − cet−1 − ρt − (1 + σω(1− ψ))δt (B.3)

Aggregate Demand

xt =
c̄

x̄
ct +

c̄e

x̄
cet (B.4)

Risk premia

ρt =
LT

1 + LT
lt +

L

1 + LT
τt (B.5)

Leverage
xt = cet − ρt + lt (B.6)

Producer prices (marginal costs)

ppt =
(
σ +

φ+ α

1− α

)
xt −

1 + φ

1− α
at + σω(1− ψ)lt − σωψξt + τt (B.7)

Labour wedge
τt = τllt + τξξt (B.8)

Interest rate policy
it = ϕππt + ϕxxt + ϕllt (B.9)

Prudential policy
Et[δt+1] = 0 (B.10)
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B.2 Retailers

The final consumption goods consumed by households and entrepreneurs represent
baskets over differentiated consumption goods. Aggregate consumption is given by

C = c+ ce

where

C =

[∫ 1

0

C(i)
ε−1
ε di

] ε
ε−1

,

with C(i) representing the quantity of good i consumed by all agents in the period.2

The resulting demand schedule for individual consumption goods is as follows:

C(i) =

(
P (i)

P

)−ε

C.

Differentiated final consumption goods C(i) are produced by a continuum of retail-
ers from the undifferentiated output goods sold by entrepreneurs. Retailers do not
require labour or capital, and are owned by the representative worker household.

Following Calvo (1983), a retailer in period t can reset their price in the cur-
rent (or any future period) with probability θ. The retailer solves the following
programme:

max
P ∗
t

∞∑
k=0

θkEt
[
mt,t+k(P

∗
t − PPt+k|t)Yt+k|t

]
,

where m denotes the worker household’s stochastic discount factor. Ultimately,
retailer optimisation leads to the following log-linearised Phillips curve,

πt = βEt[πt+1] + λppt

where λ = (1−θ)(1−βθ)
θ

1−α
1−α+αε , πt is the current period inflation rate and ppt is the

log deviation of producer prices from their steady state level.

2An implicit assumption here is that while entrepreneurs and households have different prefer-
ences over their overall level of consumption, they share common elasticities of substitution between
constituent differentiated consumption goods.
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B.3 Derivation of producer prices

Entrepreneurial output is homogeneous and priced competitively, with producer
prices equated to marginal costs including the marginal cost of risk bearing:

ppt = wt − (mpnt − τt)

= (σct + φnt)− (xt − nt − τt)

= σct +
1 + φ

1− α
(xt − at)− xt + τt

Substituting out consumption for terms of output, leverage and the equity risk pre-
mium yields

ppt =
(
σ +

φ+ α

1− α

)
xt −

1 + φ

1− α
at + σω(1− ψ)lt − σωψξt + τllt + τξξt. (B.11)

In addition to the standard New Keynesian marginal cost terms in output and tech-
nology, leverage and uncertainty increase the marginal cost of risk bearing (τllt, τξξt),
and also affect the distribution of consumption, generating a wealth effect on marginal
costs that is increasing in leverage and decreasing in uncertainty (σω(1−ψ)lt,−σωψξt).

B.4 Derivation of the Leverage curve (Equation 1.3)

From equations B.4 and B.6 we obtain

ct = xt − ω(ρt − lt)

where ω :=
c̄e

c̄
. Substituting this expression and (B.6) into the aggregate risk

sharing relationship (B.3), we obtain

σ(xt − ω(ρt − lt))− (xt + ρt − lt)

= σ(xt−1 − ω(ρt−1 − lt−1))− (xt−1 + ρt−1 − lt−1)− ρt − (1 + σω(1− ψ))δt.
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Collecting like terms,

(σ − 1)xt − σωρt + (σω + 1)lt

= (σ − 1)xt−1 − (σω + 1)(ρt−1 − lt−1)− (1 + σω(1− ψ))δt.

Use (B.5,B.8,A.4) to eliminate ρ

ρt = ψ(lt + ξt) (B.12)

(σ − 1)xt − σω(ψlt + ψξt) + (σω + 1)lt

= (σ − 1)xt−1 − (σω + 1)(ψlt−1 + ψξt−1 − lt−1)− (1 + σω(1− ψ))δt.

Simplifying yields

ζlt = (ζ − ψ)lt−1 + σωψξt − (σω + 1)ψξt−1 − (σ − 1)(xt − xt−1)− ζδt.

where ζ := (1 + σω(1− ψ)).
Reordering and collecting terms

lt =
(ζ − ψ)

ζ
lt−1 +

ψ

ζ

(
ωσ∆ξt − ξt −

σ − 1

ψ
∆xt

)
− δt. (B.13)

B.5 Derivation of the IS curve (Equation 1.1)

Start by substituting the Aggregate Demand B.4, use Equations B.5, B.6, B.8 to
eliminate entrepreneurial consumption ce and express aggregate demand x in terms
of household consumption c, leverage l and risk ξ only:

xt =
c̄

x̄
ct +

c̄e

x̄
(xt + ψ(lt + ξt)− lt) .

Simplifying yields

ct = xt + ω(1− ψ)lt − ωψξt (B.14)
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Use this expression to find expected future consumption E[ct+1]:

E[ct+1] = E[xt+1] + ω(1− ψ)E[lt+1]− ωψE[ξt+1]

Use the Leverage curve B.13 to eliminate E[lt+1], the shock process ξt = ρξξt−1+ϵξt

to eliminate E[ξt+1] and Lemma 1 to eliminate E[δt+1]:

E[ct+1] =

(
1− ω(1− ψ)

σ − 1

ζ

)
E[xt+1]

+ ω(1− ψ)

(
1− ψ

ζ

)
lt

− ω

(
(1− ψ)

(1 + σω(1− ρξ))ψ

ζ
+ ρξψ

)
ξt

+ ω(1− ψ)
σ − 1

ζ
xt

Substituting these expressions into the Euler condition yields

xt + ω(1− ψ)lt − ωψξt

=

(
1− ω(1− ψ)

σ − 1

ζ

)
E[xt+1] (B.15)

+ ω(1− ψ)

(
1− ψ

ζ

)
lt

− ω

(
(1− ψ)

(1 + σω(1− ρξ))ψ

ζ
+ ρξψ

)
ξt

+ ω(1− ψ)
σ − 1

ζ
xt −

1

σ
(it − Et[πt+1]) (B.16)

Here we can simplify in two different ways. For our primary representation (1.1),

we use the leverage curve to eliminate the terms in ω(1 − ψ)
σ − 1

ζ
xt, which re-

flect entrepreneurial consumption. Our primary representation can be interpreted
as reflecting the household’s Euler condition in terms of aggregate output. An alter-
native representation can be found from simplifying the above expression directly,
leaving the result in terms of current period variables and expected future output
and inflation. This latter representation can be interpreted of as a weighted average
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over the Euler conditions of the households and entrepreneurs.
From (B.16) we can derive (1.1) as follows. We start by using the leverage curve

(1.3) to eliminate the terms in ω(1− ψ)
σ − 1

ζ
xt and its expectation:

xt + ω(1− ψ)lt − ωψξt

= E[xt+1]−
1

σ
(it − Et[πt+1])

+ ω(1− ψ)ϕllt − ω ((1− ψ)ϕlξ + ρξψ) ξt

+ ω(1− ψ)Et
[
∆lt+1 +

ψ

ζ
(lt + ξt)−

σωψ

ζ
∆ξt+1 + δt+1

]

xt = E[xt+1]−
1

σ
(it − Et[πt+1])

− ω(1− ψ)
σωψ

ζ
(1− ρξ)ξt + ω(1− ρξ)ψξt

+ ω(1− ψ)Et [∆lt+1] + ω(1− ψ)
σωψ

ζ
(1− ρξ)ξt

Ultimately, we’re left with

xt = E[xt+1]−
1

σ
(it − Et[πt+1])

+ ωψ(1− ρξ)ξt + ω(1− ψ)Et [∆lt+1] . (B.17)

From (B.16) we can also derive (B.17) as follows:

(
ζ − ω(1− ψ)(σ − 1)

ζ

)
xt

=

(
ζ − ω(1− ψ)(σ − 1)

ζ

)
E[xt+1]−

1

σ
(it − Et[πt+1])

− ω
(1− ψ)ψ

ζ
lt − ω

(
(1− ψ)

(1 + σω(1− ρξ))ψ

ζ
− (1− ρξ)ψ

)
ξt
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xt = E[xt+1]−
ζ

σ (ζ − ω(1− ψ)(σ − 1))
(it − Et[πt+1])

− ω(1− ψ)ψ

(ζ − ω(1− ψ)(σ − 1))
lt

− ω [(1− ψ)(1 + σω(1− ρξ))ψ − ζ(1− ρξ)ψ]

(ζ − ω(1− ψ)(σ − 1))
ξt

xt = E[xt+1]−
ζ

σ (1 + ω(1− ψ))
(it − Et[πt+1])

− ω(1− ψ)ψ

(1 + ω(1− ψ))
lt −

ωψ(ρξ − ψ)

(1 + ω(1− ψ))
ξt

xt = E[xt+1]−
ζ

ζ + σ − 1
(it − Et[πt+1])−

σωψ(1− ψ)

ζ + σ − 1
lt −

σωψ(ρξ − ψ)

ζ + σ − 1
ξt

(B.17)
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C Welfare criterion

C.1 Helpful log-quadratic approximations of structural relationships

For the aggregate expenditure and financial friction relationships, we derive log-
quadratic approximations, which substitute into some log-linear terms in our wel-
fare criteria. We require log-quadratic approximations of the aggregate expenditure
relationship in order to appropriately capture welfare costs resulting from fluctu-
ations in the distribution of consumption. We also require log-quadratic approxi-
mations of financial relationships, which are not well approximated by log-linear
relationships.

Aggregate expenditure The aggregate expenditure relationship

X = C + Ce

permits the following log-quadratic approximation

xt +
1

2
x2t =

c̄

x̄

(
ct +

1

2
c2t

)
+
c̄e

x̄

(
cet +

1

2
cet

2

)
+O(z3) (C.1)

Entrepreneurial consumption Combining B.6 with A.5 yields

cet = xt + ψ

(
1

2
l2 + ξ +

1

2
ξ2 + lξ

)
− (1− ψ)l +O(z3) (C.2)

Worker household consumption. From C.1 and C.2, we can derive the following
second order approximation of household consumption

ct = (1 + ω)

(
xt +

1

2
x2t

)
− ω

(
cet +

1

2
cet

2

)
− 1

2
((1 + ω)xt − ωcet )

2 +O(z3)

= xt − ω(ρt − lt) +
1

2
(1 + ω)x2t −

1

2
ω(xt + ρt − lt)

2

− 1

2
(xt − ω(ρt − lt))

2 +O(z3)
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Simplifying, with the help of (A.5), yields

ct = xt − ω(ρ− l)− 1

2
ω(1 + ω)(ρ− l)2 +O(z3)

= xt − ωψ

(
1

2
l2 + ξ +

1

2
ξ2 + lξ

)
+ ω(1− ψ)l − 1

2
ω(1 + ω)(ρ− l)2 +O(z3)

= xt − ωψ

(
1

2
l2 + ξ +

1

2
ξ2 + lξ

)
+ ω(1− ψ)l

− 1

2
ω(1 + ω)

(
ψ2ξ2 − 2ψ(1− ψ)lξ + (1− ψ)2l2

)
+O(z3)

It is helpful to write this as

ct = (1 + ω)xt − ωcet −
1

2
ω(1 + ω)

(
ψ2ξ2 − 2ψ(1− ψ)lξ + (1− ψ)2l2

)
+O(z3)

as the terms (1 + ω)xt − ωct will drop out of future welfare calculations.

c2t =

(
xt − ωψ

(
1

2
l2 + ξ +

1

2
ξ2 + lξ

)
+ ω(1− ψ)l

)2

+O(z3)

= (xt − ωψξ + ω(1− ψ)l)2 +O(z3)

= x2 − 2ωψxξ + 2ω(1− ψ)xl + ω2ψ2ξ2 − 2ω2ψ(1− ψ)lξ + ω2(1− ψ)2l2 +O(z3)

C.2 The worker household

The household’s welfare is

V = E0

∞∑
t=0

βτ [u(Ct)− v(Nt)]

= E0

∞∑
t=0

βτ


(
Ct−C∗

C∗

)
C∗u′(C∗) + 1

2

(
Ct−C∗

C∗

)2
C∗2u′′(C∗)

−
(
Nt−N∗

N∗

)
N∗v′(N∗)− 1

2

(
Nt−N∗

N∗

)2
N∗v′′(N∗)

+ k
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V = E0

∞∑
t=0

βτC∗u′(C∗)


(
Ct−C∗

C∗

)
− σ

2

(
Ct−C∗

C∗

)2
−N∗v′(N∗)
C∗u′(C∗)

[(
Nt−N∗

N∗

)
+ φ

2

(
Nt−N∗

N∗

)2]
+ k′

= E0

∞∑
t=0

βτC∗u′(C∗)


(
Ct−C∗

C∗

)
− σ

2

(
Ct−C∗

C∗

)2
−N∗Y ∗

C∗N∗ (1− α)

[(
Nt−N∗

N∗

)
+ φ

2

(
Nt−N∗

N∗

)2]
+ k′

V = E0

∞∑
t=0

βτC∗u′(C∗)
[ (

ct +
1
2
c2t
)
− σ

2
c2t − (1 + ω)(1− α)

[(
nt +

1
2
n2
t

)
+ φ

2
n2
t

] ]
+ k′

where the term (1 + ω) reflects the fact that the household consumption share of
output is 1/(1 + ω).
We can express the above value function in terms of a within-period loss function:

L = −ct +
σ − 1

2
c2t + (1 + ω)(1− α)

(
nt +

1 + φ

2
n2
t

)
= −ct +

σ − 1

2
c2t + (1 + ω)

1

2

1 + φ

1− α
(xt − at)

2

= −(1 + ω)xt + ωcet +
1

2
ω(1 + ω)

(
(1− ψ)2l2 − 2ψ(1− ψ)lξ

)
+
σ − 1

2

(
x2 − 2ωψxξ + 2ω(1− ψ)xl − 2ω2ψ(1− ψ)lξ + ω2(1− ψ)2l2

)
+

1

2

(1 + ω)(1 + φ)

1− α
(x2t − 2xtat)

=
1

2
(σ − 1 + (1 + ω)χ)x2t − (1 + ω)χxtat

+
1

2
ω (1 + σω) (1− ψ)

(
(1− ψ)l2 − 2ψlξ

)
+ ω(σ − 1) ((1− ψ)xl − ψxξ)

− (1 + ω)xt + ωcet
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C.3 Entrepreneurs

The lifetime value of an individual entrepreneur can be expressed as follows:

Ve = E
∞∑
t=0

(βe)t logCe
t (θ

t)

where θt captures the history of idiosyncratic shocks realised by the individual
entrepreneur. We decompose this sum into the time zero consumption and the se-
quence of consumption growth over time, for some entrepreneur who at time zero
receives mean consumption c̄e0

(1− βe)Ve = log c̄e0 + E
∞∑
t=0

(βe)t log
Ce
t (θ

t)

Ce
t−1(θ

t−1)

Consumption growth can be further decomposed into the aggregate mean con-
sumption growth across all entrepreneurs, and the idiosyncratic component.

(1− βe)Ve = log C̄e
0 + E

∞∑
t=0

(βe)t log
C̄e
t

C̄e
t−1

g(ξt, lt)

where g(ξt, lt) captures the welfare costs of the idiosyncratic component of
growth in net wealth for some entrepreneur with time t aggregate states ξt, lt. We
can write

Ve =
1

1− βe
log C̄e

0 + E
∞∑
t=0

(βe)t log C̄e
t +

1

1− βe
E

∞∑
t=0

(βe)t log g(ξt, lt)

which permits a second order loss function approximation

Le =
κξξ
2

var(ξt) +
κll
2

var(lt) + κlξcov(lt, ξt)

Le =
1

2
[κllvar(lt) + 2κlξcov(lt, ξt)] + t.i.p

where, without loss of generality, κlξ :=
glξg − glgξ
g2(1− βe)

, a measure of the convexity

of value costs of productive risk and leverage, holding mean consumption growth

13



constant.

C.4 Aggregate welfare

Following Negishi (1960), we can derive the Pareto weights that are consistent with
the competitive equilibrium allocations being those resulting of a policymaker’s
optimal initial wealth allocation. By applying the resulting Negishi weights to
our worker and entrepreneurs’ loss functions, we remove any redistribution mo-
tive from our monetary policy and macroprudential policy analysis. Any resulting
welfare gains from optimal policy can be interpreted as increases in the efficiency
of allocations.

The policymaker’s loss function can be described as follows:

Λ = 2(ωLe + L)

where ω, the ratio of steady state entrepreneurial consumption to worker con-
sumption, is equal to the ratio of the Negishi weights attached to the entrepreneurs’
and workers’ utility respectively.

Λ =
1

2
(σ − 1 + (1 + ω)χ)x2t − (1 + ω)χxtat

+
1

2
ω (1 + σω) (1− ψ)

(
(1− ψ)l2 − 2ψlξ

)
+ ω(σ − 1) ((1− ψ)xl − ψxξ)

− (1 + ω)xt + ωcet

+ ωκlll
2
t + 2ωκlξltξt + (1 + ω)

ε

λ
π2
t + t.i.p.

Collecting like terms,

Λ =
1

2
(1 + ω)

ε

λ
π2
t +

1

2
(σ − 1 + (1 + ω)χ)x2t − (1 + ω)χxtat

+
1

2
ω ((ζ − ψ)(1− ψ) + κll) l

2 − ω ((ζ − ψ)ψ − κlξ) lξ

+ ω(σ − 1) ((1− ψ)xl − ψxξ) + t.i.p. (1.8)
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C.5 The monetary policymaker’s objective under log utility σ = 1

Under log utility, l2t and ltξt become independent of monetary policy (they remain
dependent on policy under the macroprudential policymaker’s problem). The term
(σ − 1) (2ω(1− ψ)xtlt − 2ωγxtξt) captures the welfare effects of fluctuations in
the distribution of consumption. When both agents have the same preferences over
consumption, distributional fluctuations have no effect on social welfare at the mar-
gin. After simplifying, we’re left with

Λ =
1

2
(1 + ω)

( ε
λ
π2
t + χx2t − 2χxtat

)
+ t.i.p,

which is identical, up to scaling and terms independent of policy, to the loss function
of the policymaker under log utility in the standard New Keynesian model (see
for example Galı́, 2008, Ch.4 Appendix). Terms independent of monetary policy
remain important for welfare, and achieving Λ = 0 (+t.i.p) in all periods does not
imply first best efficiency or even second best constrained efficiency.
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D A graphical representation of our findings

In this Appendix we present a graphical representation of our model and the key
findings of this paper.

D.1 The Leverage Curve and prudential policy

Equation (1.3) posits a downward sloping relationship between leverage and output
in the current period.

lt =
(ζ − ψ)

ζ
lt−1 +

ψ

ζ

(
ωσ∆ξt − ξt −

σ − 1

ψ
∆xt

)
− δt (1.3)

Prudential policy is represented by δt, which is a function of the unanticipated
components of fluctuations in output, uncertainty, and other exogeneous shocks.
On impact, prudential policy reduces the impact of shocks on leverage. Prudential
policy can therefore be represented as a flattening of the leverage curve.

l

x

LEV

LEV’

Figure 1: The leverage curve (LEV) and prudential policy (LEV’)

D.2 Deriving the ASAD Curve

The ASAD curve relates leverage and output in our model. The ASAD curve is
downward sloping in the output-leverage space for typical monetary policies. This

16



is because an increase in leverage reduces aggregate demand, through the IS curve,
and increases marginal costs, through the Phillips curve.

In this derivation, we assume that monetary policy follows a Taylor-type simple
rule to derive a downward sloping ASAD curve. To derive the ASAD curve, we
first combine the IS curve and the interest rate policy to obtain a contemporaneous
direct relation between output and inflation, herein called IS-MP. Equations (1.1)
and the Taylor rule it = ϕππt imply the following,

πt =
1

ϕπ
Et[πt+1] +

ζ + σ − 1

ζϕπ
(Et[xt+1]− xt)−

(ζ − 1)ψ

ζϕπ
lt (D.1)

Equation (D.1) presents a negative relation between current period inflation πt
and output xt, holding all else equal. The Phillips curve, on the other hand, presents
a positive relation between the variables. Note also that changes in leverage have
two simultaneous impact in the diagram. Following the IS-MP schedule, an in-
crease (decrease) in leverage decreases (increases) inflation for every level of out-
put. Whereas in the Phillips curve what happens is the opposite. Graphically, this
means that following an increase in leverage, the PC shifts upward, while the IS-MP
curve shifts downward. Plotting both schedules and the aforementioned leverage
impact we obtain the graphic derivation of the ASAD curve as follows:3

π

x

IS-MP(l1)

PC(l1)

IS-MP(l2)

PC(l2)

x1

π1

x2

π2

(a) IS-MP-PC diagram

l

x

ASAD

x1

l1

x2

l2

(b) ASAD Curve

Figure 2: ASAD curve graphic derivation

3We present an algebraic derivation of the ASAD curve in Subsection D.4 of this Appendix for
a simplified version of the model.
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D.3 Our main findings in the ASAD-LEV model

Section 2. The Safety Trap

Figure 3: The Safety Trap
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Section 3. Optimal policy under log utility

Figure 4: Optimal policy response to an increase in uncertainty under log utility

Section 4. Leaning against and cleaning up after financially accelerated technology
shocks

Section 5. Financial stability interest rate policy

D.4 Algebraic derivation of the ASAD curve under log utility

We first seek a general solution to the following IS-PC system, derived from (1.1)
and (1.2) with the interest rate rule it = ϕππt:
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Figure 5: Interest rate shocks and the financial stability interest rate policy

xt = E[xt+1]− (ϕππt − Et[πt+1])−
(ζ − 1)ψ

ζ
lt

πt = βEt[πt+1] + λχxt + ϑllt
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for bounded process l.
Eliminating xt,

πt−βEt[πt+1]−ϑllt = Et[πt+1−βπt+2−ϑllt+1]−λχ(ϕππt−Et[πt+1])−λχ
(ζ − 1)ψ

ζ
lt

The deterministic component is

0 = −πt + βπt+1 + πt+1 − βπt+2 − λχϕππt + λχπt+1

with characteristic equation

0 = (1 + λχϕπ)− (1 + β + λχ)ϕ+ βϕ2

and eigenvalues

φ =
(1 + β + λχ)±

√
(1 + β + λχ)2 − 4β(1 + λχϕπ)

2β

Guess the solution
πt = φ1πt−1 + µlt,

where φ1 is the stable eigenvalue.

πt−βEt[πt+1]−ϑllt = Et[πt+1−βπt+2−ϑllt+1]−λχ(ϕππt−Et[πt+1])−λχ
(ζ − 1)ψ

ζ
lt

(1+λχϕπ)πt−(1+β+λχ)Et[πt+1]+βEt[πt+2] = ϑllt−ϑlEt[lt+1]−λχ
(ζ − 1)ψ

ζ
lt

(1 + λχϕπ)πt− (1 + β + λχ)Et[πt+1] + βEt[πt+2] = (1− ϕ1)ϑllt− λχ
(ζ − 1)ψ

ζ
lt

where ϕ1 is the persistence of the process for lt. Solving for µ we have

−(1 + λχϕπ)

φ1

µEt[lt+1] + βµEt[lt+2] = (1− ϕ1)ϑllt − λχ
(ζ − 1)ψ

ζ
lt,
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and ultimately

µ =
φ1

ϕ1

λχ (ζ−1)ψ
ζ

− (1− ϕ1)ϑl

1 + λχϕπ − βφ1ϕ1

.

Substituting the solution for πt into the Phillips curve yields

πt = βφ1πt + βµϕ1lt + λχxt + ϑllt

λχxt = (1− βφ1)πt − (ϑl + βµϕ1)lt

Subtracting φ1λχxt−1 from both sides,

λχxt−φ1λχxt−1 = (1−βφ1)πt−φ1(1−βφ1)πt−1−(ϑl+βµϕ1)lt+φ1(ϑl+βµϕ1)lt−1

λχxt = φ1λχxt−1 − (ϑl + µ(β(ϕ1 + φ1)− 1))lt + φ1(ϑl + βµϕ1)lt−1

Current output is decreasing in current period leverage, which gives us the ASAD
curve. In the limit, as the interest rate response to current inflation ππ increases,
the relationship between output and leverage steepens towards the flexible price
relationship λχxt = −(ϑl + µ(β(ϕ1 + φ1)− 1))lt.
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E The flexible price model

E.1 The flexible price model in full

The following equations carry over from the sticky price model
Risk Sharing

σct − cet = σct−1 − cet−1 − ρt (B.3)

Aggregate Demand

xt =
c̄

x̄
ct +

c̄e

x̄
cet (B.4)

Risk premia

ρt =
LT

1 + LT
lt +

L

1 + LT
τt (B.5)

Leverage
xt = cet − ρt + lt (B.6)

Wedge
τt = τllt + τξξt (B.8)

The production and labour market equations are as follows:
Production

xt = at + (1− α)nt (E.1)

Labour supply
−σct = φnt − wt (E.2)

Labour demand
wt = xt − nt − τt (E.3)

E.2 Equilibrium production

Let χ =
1 + φ

1− α
. From Equations E.1, E.2, E.3, we can derive the following expres-

sion for equilibrium output

(χ− 1)xt = χat − σct − τt
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Now, we use (B.8) and (B.14), we can eliminate c and τ

(χ− 1)xt = χat − σ (x− ω(ρ− l))− (τllt + τξξt)

Simplifying yields

(χ− 1)xt = χat − σx+ σω(ψξ − (1− ψ)l)− (τllt + τξξt)

(χ+ σ − 1)xt = χat − (σω(1− ψ) + τl)lt − (τξ − σωψ) ξt (3.1)

Equations 1.3 and 3.1 describe a two equation solved flexible price model.

E.3 Dynamics

From the system described by (1.3) and (3.1), we can solve for output in terms of
shocks and past values of output:

χ

µl
at −

(χ+ σ − 1)

µl
xt −

µξ
µl
ξt

= ϕ

(
χ

µl
at−1 −

(χ+ σ − 1)

µl
xt−1 −

µξ
µl
ξt−1

)
+

(1− ϕ)

(
ωσ∆ξt − ξt −

σ − 1

ψ
∆xt

)
− δt

Simplifying yields

[
(χ+ σ − 1)

µl
− (σ − 1)(1− ϕ)

ψ

]
xt =

=

[
(χ+ σ − 1)ϕ

µl
+

(σ − 1)(1− ϕ)

ψ

]
xt−1 +

χ

µl
at − ϕ

χ

µl
at−1

− (1− ϕ)ωσξt −
[
(1− ϕ)(ωσ − 1)− µξ

µl

]
ξt−1 + δt (E.4)

An increase in risk aversion σ increases the feedback from output to leverage,
which in turn increases the financial accelerator component of the above expres-
sion. In addition, greater risk aversion increases the direct leverage response to
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uncertainty shocks on impact, captured by the terms (1− ϕ)ωσ.

E.4 The safety trap

1 2 3 4 5

0.66

0.68

0.7

0.72

σ

Volatility of output

Figure 6: Output volatility and risk aversion in the flexible price model with risk
shocks only. Prior means were used to parameterise the model for this example.
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F Derivations for Section 3

F.1 Optimal policy under flexible prices

Our loss function is derived from Equation 1.8, with σ = 1,

Λ =
1

2
(1 + ω)χ

(
x2t − 2xtat

)
+

1

2
ω (κll + (ζ − ψ)(1− ψ)) l2t + ω (κlξ − (ζ − ψ)ψ) ltξt + t.i.p.

From 3.1, we have the following aggregate supply condition

χ(xt − at) = −(ζ + τl − 1)lt − (τξ − σωψ) ξt

The macroprudential policymaker’s problem can be expressed as a Lagrangian:

L =E
∞∑
t=0

βt
{
1

2

[
(1 + ω)χ

(
x2t − 2xtat

)
+ ωκ̂lll

2
t + 2ωκ̂lξltξt

]
− µt [χxt − χat + (ζ + τl − 1)lt + (τξ − σωψ) ξt]

−νt [ζlt+1 − (ζ − ψ) lt − ωψξt+1 + (1 + ω)ψξt]} .

where

κ̂ll = κll + (ζ − ψ)(1− ψ)

κ̂lξ = κlξ − (ζ − ψ)ψ

The first order conditions are

xt : 0 = (1 + ω)χ(xt − at)− χµt

lt : 0 = ωκ̂lllt + ωκ̂lξξt − (ζ + τl − 1)µt + (ζ − ψ)νt −
ζ

β
νt−1

Using the aggregate supply condition to eliminate xt yields

(ζ + τl − 1)lt + (τξ − σωψ) ξt = − χ

1 + ω
µt.
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Eliminating µt,

0 = ω (κll + (ζ − ψ)(1− ψ)) lt + ω (κlξ − (ζ − ψ)ψ) ξt

+
1 + ω

χ
(ζ + τl − 1) ((ζ + τl − 1)lt + (τξ − σωψ) ξt) + (ζ − ψ)νt −

ζ

β
νt−1

(
χωκ̂ll + (1 + ω)ϑ2

l

)
lt = − (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt − χ(ζ − ψ)νt + χ

ζ

β
νt−1

(F.1)
Substituting (F.1) into the Leverage curve yields

0 = ζ

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ)Et[ξt+1]− χ(ζ − ψ)Et[νt+1] + χ

ζ

β
νt

]
− (ζ − ψ)

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt − χ(ζ − ψ)νt + χ

ζ

β
νt−1

]
−
(
χωκ̂ll + (1 + ω)ϑ2

l

)
ωψξt+1 +

(
χωκ̂ll + (1 + ω)ϑ2

l

)
(1 + ω)ψξt.

Dropping shock terms:

0 = ζ

[
−χ(ζ − ψ)Et[νt+1] + χ

ζ

β
νt

]
− (ζ − ψ)

[
−χ(ζ − ψ)νt + χ

ζ

β
νt−1

]
Simplifying yields

βζ (ζ − ψ)Et[νt+1]−
(
ζ2 + β (ζ − ψ)2

)
νt + ζ (ζ − ψ) νt−1 = 0

The characteristic equation is

βζ (ζ − ψ)ϕ2 −
(
ζ2 + β (ζ − ψ)2

)
ϕ+ ζ (ζ − ψ) = 0

with solutions

ϕ1 =
ζ − ψ

ζ
, ϕ2 =

ζ

β (ζ − ψ)

The first solution, ϕ1, is inside the unit circle, giving us the general stable solution
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below:

vt =
ζ − ψ

ζ
vt−1 + ηξt (F.2)

Substituting (F.2) into the leverage constraint allows us to solve for η.

0 = ζ

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ)Et[ξt+1]− χ(ζ − ψ)Et[νt+1] + χ

ζ

β
νt

]
− (ζ − ψ)

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt − χ(ζ − ψ)νt + χ

ζ

β
νt−1

]
−
(
χωκ̂ll + (1 + ω)ϑ2l

)
ωψEt[ξt+1] +

(
χωκ̂ll + (1 + ω)ϑ2l

)
(1 + ω)ψξt.

0 = ζ

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ρξξt − χ(ζ − ψ)ηρξξt + χ

ζ

β
ηξt

]
− (ζ − ψ) [− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt]

−
(
χωκ̂ll + (1 + ω)ϑ2l

)
ωψρξξt +

(
χωκ̂ll + (1 + ω)ϑ2l

)
(1 + ω)ψξt.

0 = ηχζ [ζ(1− βρξ) + βρξψ] + β (χωκ̂lξ + (1 + ω)ϑlϑξ) (ζ(1− ρξ)− ψ)

+ β
(
χωκ̂ll + (1 + ω)ϑ2l

)
(1 + ω(1− ρξ))ψ.

η = − β

χζ

(χωκ̂lξ + (1 + ω)ϑlϑξ) (ζ(1− ρξ)− ψ) +
(
χωκ̂ll + (1 + ω)ϑ2l

)
(1 + ω(1− ρξ))ψ

ζ(1− βρξ) + βρξψ
(F.3)

Now, write the Leverage curve as follows:

ζlt+1 = (ζ − ψ) lt + ωψξt+1 − (1 + ω)ψξt − ζδt+1

where ζδt+1 is an expectation error shock. Use (F.1) to eliminate l,

ζ

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt+1 − χ(ζ − ψ)νt+1 + χ

ζ

β
νt

]
= (ζ − ψ)

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt − χ(ζ − ψ)νt + χ

ζ

β
νt−1

]
+
(
χωκ̂ll + (1 + ω)ϑ2

l

)
(ωψξt+1 − (1 + ω)ψξt − ζδ′t+1)

28



and use F.2 to eliminate ν,

ζ

[
− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt+1 − χ(ζ − ψ)ηξt+1 + χ

ζ

β
ηξt

]
= (ζ − ψ) [− (χωκ̂lξ + (1 + ω)ϑlϑξ) ξt]

+
(
χωκ̂ll + (1 + ω)ϑ2

l

)
(ωψξt+1 − (1 + ω)ψξt − ζδ′t+1)

retain only terms measurable in t+ 1,

ζ [− (χωκ̂lξ + (1 + ω)ϑlϑξ) ϵξ,t+1 − χ(ζ − ψ)ηϵξ,t+1]

=
(
χωκ̂ll + (1 + ω)ϑ2

l

)
(ωψϵξ,t+1 − ζδ′t+1)

δt+1 =

([
(χωκ̂lξ + (1 + ω)ϑlϑξ) + χ(ζ − ψ)η

(χωκ̂ll + (1 + ω)ϑ2
l )

]
+
ωψ

ζ

)
ϵξ,t+1

Now use (F.3) to eliminate η,

δt+1 =

 (χωκ̂lξ + (1 + ω)ϑlϑξ)− χ(ζ − ψ) βχζ
(χωκ̂lξ+(1+ω)ϑlϑξ)(ζ(1−ρξ)−ψ)

ζ(1−βρξ)+βρξψ

(χωκ̂ll + (1 + ω)ϑ2l )


−

χ(ζ − ψ) βχζ
(χωκ̂ll+(1+ω)ϑ2

l )(1+ω(1−ρξ))ψ
ζ(1−βρξ)+βρξψ

(χωκ̂ll + (1 + ω)ϑ2l )

+
ωψ

ζ

 ϵξ,t+1

δt+1 =
1

ζ

(
χωκ̂lξ + (1 + ω)ϑlϑξ
χωκ̂ll + (1 + ω)ϑ2l

(
ζ2 − β(ζ − ψ)2

ζ2 − ζ(ζ − ψ)βρξ

)
− β(ζ − ψ)(1 + ω(1− ρξ))ψ

ζ2 − ζ(ζ − ψ)βρξ
+ ωψ

)
ϵξ,t+1

δt+1 =

(
χωκ̂lξ + (1 + ω)ϑlϑξ
χωκ̂ll + (1 + ω)ϑ2l

(
ζ2 − β(ζ − ψ)2

ζ2 − ζ(ζ − ψ)βρξ

)
− (1 + ω)β(ζ − ψ)− ωζ

ζ2 − ζ(ζ − ψ)βρξ
ψ

)
ϵξ,t+1

The ratio
χωκ̂lξ + (1 + ω)ϑlϑξ
χωκ̂ll + (1 + ω)ϑ2

l

is the current period marginal rate of transformation between the social costs of
uncertainty and the social costs of leverage. It tells the policymaker how much
leverage must fall in order to offset the social costs of an increase in uncertainty.
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In the competitive equilibrium, uncertainty shocks increase current period lever-
age but they reduce leverage over longer time horizons. When uncertainty is high,
the return to inside wealth is also high, and entrepreneurs’ inside wealth grows
quickly. As leverage is persistent, macroprudential policy has a persistent effect
on the path of leverage, and can exacerbate the medium term fall in leverage in re-
sponse to a contractionary uncertainty shock. This persistence may not be desirable.
The second term in brackets,

−(1 + ω)β(ζ − ψ)− ωζ

ζ − (ζ − ψ)βρξ
ψ,

reflects the persistent effect of current period uncertainty on future leverage, and
dampens the optimal macroprudential response to uncertainty shocks.

F.2 Joint optimal policy

In this section we solve for jointly optimal monetary and prudential policy under
commitment. We separate the problem into two parts. Under log utility, the effect
of the monetary policymaker’s action on leverage is mediated through the optimal
policy of the prudential policymaker. So, we solve for the monetary policymaker’s
problem (ie. the path of x, π) first, then the prudential policymaker’s problem (l).

The combined policymaker’s problem is

min
π,x,l

E
∞∑
t=0

βt
{
1

2

[
(1 + ω)

( ε
λ
π2
t + χ

(
x2t − 2xtat

))
+ ωκ̂lll

2
t + 2ωκ̂lξltξt

]
− µt [−πt + βπt+1 + λχxt − λχat + λϑllt + λϑξξt]

−νt [ζlt+1 − (ζ − ψ) lt − ωψξt+1 + (1 + ω)ψξt]} .
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The first order conditions are

π : 0 = (1 + ω)
ε

λ
πt + µt − µt−1

x : 0 = (1 + ω)χ (xt − at)− µtλχ

l : 0 = ω(κ̂lllt + κ̂lξξt)− λϑlµt + (ζ − ψ) νt −
ζ

β
νt−1

We first solve for π, x then solve for l. Using the first order conditions to eliminate
π, x from the phillips curve,

0 = −πt + βEt[πt+1] + λχxt − λχat + bwt

where b = [λϑl λϑξ], wt = [lt ξt]
′. The product bwt is a bounded process.

0 = (µt − µt−1)− β(Et[µt+1]− µt) + λχεµt +
(1 + ω)ε

λ
bwt.

Simplifying,

0 = −βEt[µt+1] + (1 + β + λχε)µt − µt−1 +
(1 + ω)ε

λ
bwt.

The characteristic equation is

0 = βφ2 − (1 + β + λχε)φ+ 1,

and the stable and unstable roots are given by φ1, φ2 respectively:

φ1 =
(1 + β + λχε)−

√
(1 + β + λχε)2 − 4β

2β
, φ2 =

(1 + β + λχε) +
√
(1 + β + λχε)2 − 4β

2β
.

The unique solution is

µt = φ1µt−1 −
(1 + ω)ε

λ
β−1φ−1

2

∞∑
j=0

φ−j
2 Et[bwt+j]
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(See Woodford, 2003, Ch. 7 Eqn. 2.7). We denote this solution as

µt = φ1µt−1 −
(1 + ω)ε

βφ2λ
bMwt. (F.4)

for the linear map

M =

(
I − 1

φ2

A

)−1

, where A =

[
ζ−ψ
ζ

− (1+ω(1−ρξ))ψ
ζ

0 ρξ

]
.

The inflation rate satisfies

επt = (1− φ1)x̃t−1 +
ε

βφ2

bMwt,

where x̃t = xt − at (See Woodford, 2003, Ch. 7 Eqn. 2.12).

Now, substitute the first order condition for leverage into the deterministic lever-
age constraint to derive the deterministic component of the dynamic evolution of the
shadow cost of the leverage constraint ν:

0 = ζlt+1 − (ζ − ψ) lt

= ζ[λϑlµt+1 − (ζ − ψ) νt+1 +
ζ

β
νt]− (ζ − ψ) [λϑlµt − (ζ − ψ) νt +

ζ

β
νt−1]

= λϑl(µt+1 − ϕ1µt)− (ζ − ψ) (νt+1 − ϕ1νt) +
ζ

β
(νt − ϕ1νt−1)

We can derive the deterministic component of µ by iterating (F.4) backwards:4

µt = −(1 + ω)ε

βφ2λ
(bM)1

∞∑
j=0

φj1lt−j

µt+1 − ϕ1µt = −(1 + ω)ε

βφ2λ
(bM)1

∞∑
j=0

φj1 (lt−j − ϕ1lt−j−1)︸ ︷︷ ︸
=0

= 0

4Note that the backward looking stochastic component of µ depends on the macroprudential
policy, but the deterministic component does not.
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Therefore we have

0 = − (ζ − ψ) (νt+1 − ϕ1νt) +
ζ

β
(νt − ϕ1νt−1)

which has the stable solution

νt = ϕ1νt−1 + ut,

for some process ut. Now substitute this solution into the leverage constraint

0 = ζEt[lt+1]− (ζ − ψ) lt − ωψEt[ξt+1] + (1 + ω)ψξt

= ωκ̂llEt[lt+1]− ϕ1ωκ̂lllt − ωκ̂llω
ψ

ζ
Et[ξt+1] + ωκ̂ll(1 + ω)

ψ

ζ
ξt

= −ωκ̂lξEt[ξt+1] + λϑlEt[µt+1]− (ζ − ψ)Et[νt+1] +
ζ

β
νt

− ϕ1[−ωκ̂lξξt + λϑlµt − (ζ − ψ) νt +
ζ

β
νt−1]

− ωκ̂llω
ψ

ζ
Et[ξt+1] + ωκ̂ll(1 + ω)

ψ

ζ
ξt

= λϑl(Et[µt+1]− ϕ1µt)− (ζ − ψ) (Et[νt+1]− ϕ1νt) +
ζ

β
(νt − ϕ1νt−1)

+ ωκ̂ll(1 + ω(1− ρξ))
ψ

ζ
ξt + (ϕ1 − ρξ)ωκ̂lξξt

=
βλϑl
ζ

(Et[µt+1]− ϕ1µt)− βϕEt[ut+1] + ut + kξt

ut = βϕEt[ut+1]−
βλϑl
ζ

(Et[µt+1]− ϕ1µt)− kξt (F.5)

Now, we’ll derive a condition for ω, the macroprudential policy action, then attempt
to combine it with the restriction above to complete the solution. With macropru-
dential policy, our (realised) leverage constraint becomes

ζlt+1 = (ζ − ψ) lt + ωψξt+1 − (1 + ω)ψξt − ζδt+1
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where Et[δt+1] = 0. Substitute in the optimality condition for leverage,

0 = ζlt+1 − (ζ − ψ) lt − ωψξt+1 + (1 + ω)ψξt + ζδt+1

= ωκ̂lllt+1 − ϕ1ωκ̂lllt − ωκ̂llω
ψ

ζ
ξt+1 + ωκ̂ll(1 + ω)

ψ

ζ
ξt + ωκ̂llδt+1

= −ωκ̂lξξt+1 + λϑlµt+1 − (ζ − ψ) νt+1 +
ζ

β
νt

− ϕ1[−ωκ̂lξξt + λϑlµt − (ζ − ψ) νt +
ζ

β
νt−1]

− ωκ̂llω
ψ

ζ
ξt+1 + ωκ̂ll(1 + ω)

ψ

ζ
ξt + ωκ̂llδt+1

Retain only terms measurable in period t+ 1

0 = λϑl (µt+1 − Et[µt+1])− (ζ − ψ) (νt+1 − Et[νt+1])

− ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1 +

ωκ̂ll
ζ
δ′t+1

= λϑl (µt+1 − Et[µt+1])− (ζ − ψ) (ut+1 − Et[ut+1])

− ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1 + ωκ̂llδt+1

ωκ̂llδt+1 = −λϑl (µt+1 − Et[µt+1]) + (ζ − ψ) (ut+1 − Et[ut+1])

+ ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1 (F.6)

Now use (F.5) to solve for the expectation error on the lagrange multiplier at-
tached to the leverage curve. We denote this expectation error by ∆eEt+1[ut+1] =
ut+1 − Et[ut+1], and, without loss of generality, we denote ∆eEt+1[zt+1+j] :=
Et+1[zt+1+j]−Et[zt+1+j] as the component of the time t expectation error on zt+1+j
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that is revealed in period t+ 1.

∆eEt+1[ut+1]

= −βλϑl
ζ

∆eEt+1[µt+2 + βϕ1µt+3 + (βϕ1)
2µt+4 + ...]

+
βλϑl
ζ

ϕ1∆
eEt+1[µt+1 + βϕ1µt+2 + (βϕ1)

2µt+3 + ...]

− k∆eEt+1[ξt+1 + βϕ1ξt+2 + (βϕ1)
2ξt+3 + ...]

=
βλϑl
ζ

(1 + ω)ε

βφ2λ
bM (ϕ2 − ϕ1)

×
(
βϕ1(φ1 +A) + (βϕ1)

2(φ2
1 + φ1A+A2) + (βϕ1)

3(φ3
1 + φ2

1A+ φ1A
2 +A3) + ...

)
∆eEt+1[wt+1]

− βλϑl
ζ

ϕ1
(1 + ω)ε

βφ2λ
bM∆eEt+1[wt+1]−

k

1− βϕ1ρξ
ϵξt+1.

Note that

(
βϕ1(φ1 +A) + (βϕ1)

2(φ2
1 + φ1A+A2) + (βϕ1)

3(φ3
1 + φ2

1A+ φ1A
2 +A3) + ...

)
= −I +

(
ϕ2

ϕ2 − φ1

)(
I − 1

ϕ2
A

)−1

,

which we can use to further simplify the expression,

∆eEt+1[ut+1] =
βλϑl
ζ

(1 + ω)ε

βφ2λ
bM (ϕ2 − ϕ1)

(
−I +

(
ϕ2

ϕ2 − φ1

)(
I − 1

ϕ2
A

)−1
)
∆eEt+1[wt+1]

− βλϑl
ζ

ϕ1
(1 + ω)ε

βφ2λ
bM∆eEt+1[wt+1]−

k

1− βϕ1ρξ
ϵξt+1

= −βλϑl
ζ

(1 + ω)εϕ2
βφ2λ

bM

(
I −

(
ϕ2 − ϕ1
ϕ2 − φ1

)(
I − 1

ϕ2
A

)−1
)
∆eEt+1[wt+1]

− ϕ2k

ϕ2 − ρξ
ϵξt+1.

Or in terms of the price level we have

∆eEt+1[ut+1] =
βλϑl
ζ

∆eEt+1

ϕ1µt+1 − (1− βϕ21)

∞∑
j=0

(βϕ1)
jµt+2+j

− k

1− βϕ1ρξ
ϵξt+1
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where
k :=

β

ζ

(
ωκ̂ll(1 + ω(1− ρξ))

ψ

ζ
+ (ϕ1 − ρξ)ωκ̂lξ

)
.

We can solve for ω by substituting either of the above expressions into F.6. In terms
of the price level we have

ωκ̂llδt+1 = −λϑl∆eEt+1[µt+1] + (ζ − ψ)∆eEt+1[ut+1] + ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1

= −λϑl∆eEt+1[µt+1] + (ζ − ψ)
βλϑl
ζ

∆eEt+1

ϕ1µt+1 − (1− βϕ21)

∞∑
j=0

(βϕ1)
jµt+2+j


+ ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1 −

ζ − ψ

1− βϕ1ρξ

β

ζ

(
ωκ̂ll(1 + ω(1− ρξ))

ψ

ζ
+ (ϕ1 − ρξ)ωκ̂lξ

)
ϵξt+1

= (1 + ω)εϑl(1− βϕ21)∆
eEt+1

∞∑
j=0

(βϕ1)
jpt+1+j

+ ω

(
1− βϕ21
1− βϕ1ρξ

κ̂lξ −
βϕ1 − ω(1− βϕ1)

1− βϕ1ρξ

ψ

ζ
κ̂ll

)
ϵξt+1

δt+1 =
(1 + ω)εϑl

ωκ̂ll
(1− βϕ2

1)∆
eEt+1

∞∑
j=0

(βϕ1)
jpt+1+j

+

(
1− βϕ2

1

1− βϕ1ρξ

κ̂lξ
κ̂ll

− βϕ1 − ω(1− βϕ1)

1− βϕ1ρξ

ψ

ζ

)
ϵξt+1.
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In terms of leverage and uncertainty we have

ωκ̂llδt+1 = −λϑl∆eEt+1[µt+1] + (ζ − ψ)∆eEt+1[ut+1] + ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1

= −λϑl
(
− (1 + ω)ε

βφ2λ
bM∆eEt+1[wt+1]

)
+ (ζ − ψ)

(
−βλϑl

ζ

(1 + ω)εϕ2
βφ2λ

bM

(
I −

(
ϕ2 − ϕ1
ϕ2 − φ1

)(
I − 1

ϕ2
A

)−1
)
∆eEt+1[wt+1]

)

+ (ζ − ψ)

(
− ϕ2k

ϕ2 − ρξ
ϵξt+1

)
+ ω

(
κ̂lξ +

ωψ

ζ
κ̂ll

)
ϵξt+1

= λϑl
(1 + ω)ε

βφ2λ

(
ϕ2 − ϕ1
ϕ2 − φ1

)
bM

(
I − 1

ϕ2
A

)−1

∆eEt+1[wt+1]

+
ϕ2 − ϕ1
ϕ2 − ρξ

ωκ̂lξϵξt+1 −
1− ω(ϕ2 − 1)

ϕ2 − ρξ

ωψ

ζ
κ̂llϵξt+1

Solving for M
(
I − 1

ϕ2
A
)−1

yields

M

(
I − 1

ϕ2
A

)−1

=

(
I − 1

φ2
A

)−1(
I − 1

ϕ2
A

)−1

=

(
I − 1

φ2

[
ϕ1 −(1 + ω(1− ρξ))

ψ
ζ

0 ρξ

])−1(
I − 1

ϕ2

[
ϕ1 −(1 + ω(1− ρξ))

ψ
ζ

0 ρξ

])−1

= φ2ϕ2

 1
(φ2−ϕ1)(ϕ2−ϕ1)

−
(

1
ϕ2−ϕ1

+ 1
φ2−ρξ

)
(1+ω(1−ρξ))

(φ2−ϕ1)(ϕ2−ρξ)
ψ
ζ

0 1
(φ2−ρξ)(ϕ2−ρξ)

 .
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Using this, we can further simplify the expression for δ′,

ωκ̂llδt+1 = λϑl
(1 + ω)ε

βφ2λ

(
ϕ2 − ϕ1
ϕ2 − φ1

)
bφ2ϕ2

[
1

(φ2−ϕ1)(ϕ2−ϕ1)
− (φ2−ρξ+ϕ2−ϕ1)(1+ω(1−ρξ))

(ϕ2−ϕ1)(φ2−ρξ)(φ2−ϕ1)(ϕ2−ρξ)
ψ
ζ

0 1
(φ2−ρξ)(ϕ2−ρξ)

]
∆eEt+1[wt+1]

+
ϕ2 − ϕ1
ϕ2 − ρξ

ωκ̂lξϵξt+1 −
1− ω(ϕ2 − 1)

ϕ2 − ρξ

ωψ

ζ
κ̂llϵξt+1

= λϑ2l
(1 + ω)ε

β

(
ϕ2 − ϕ1
ϕ2 − φ1

)
ϕ2

1

(φ2 − ϕ1)(ϕ2 − ϕ1)
∆eEt+1[lt+1]

+ λϑ2l
(1 + ω)ε

β

(
ϕ2 − ϕ1
ϕ2 − φ1

)
ϕ2

(
− (φ2 − ρξ + ϕ2 − ϕ1)(1 + ω(1− ρξ))

(ϕ2 − ϕ1)(φ2 − ρξ)(φ2 − ϕ1)(ϕ2 − ρξ)

ψ

ζ

)
ϵξt+1

+ λϑlϑξ
(1 + ω)ε

β

(
ϕ2 − ϕ1
ϕ2 − φ1

)
ϕ2

1

(φ2 − ρξ)(ϕ2 − ρξ)
ϵξt+1

+
ϕ2 − ϕ1
ϕ2 − ρξ

ωκ̂lξϵξt+1 −
1− ω(ϕ2 − 1)

ϕ2 − ρξ

ωψ

ζ
κ̂llϵξt+1

= λϑ2l
(1 + ω)ε

β

ϕ2
(φ2 − ϕ1)(ϕ2 − φ1)

(
ωψ

ζ
ϵξt+1 −

1

ζ
δ′t+1

)
− λϑ2l

(1 + ω)ε

β

ϕ2(φ2 − ρξ + ϕ2 − ϕ1)(1 + ω(1− ρξ))

(ϕ2 − φ1)(φ2 − ρξ)(φ2 − ϕ1)(ϕ2 − ρξ)

ψ

ζ
ϵξt+1

+ λϑlϑξ
(1 + ω)ε

β

ϕ2(ϕ2 − ϕ1)

(ϕ2 − φ1)(φ2 − ρξ)(ϕ2 − ρξ)
ϵξt+1

+
ϕ2 − ϕ1
ϕ2 − ρξ

ωκ̂lξϵξt+1 −
1− ω(ϕ2 − 1)

ϕ2 − ρξ

ωψ

ζ
κ̂llϵξt+1

δt+1 =

(
χωκ̂lξ + (1 + ω)ϑlϑξς(1− γ)

χωκ̂ll + (1 + ω)ϑ2
l ς

(
ϕ2 − ϕ1

ϕ2 − ρξ

)
− 1− ω(ϕ2 − 1)

ϕ2 − ρξ

ψ

ζ

)
ϵξt+1

(3.5)
where

γ =
ϕ1 − ρξ +

ϑl
ϑξ
(1 + ω(1− ρξ))

ψ
ζ

φ2 − ρξ

ς =
λχε

β

ϕ2

(φ2 − ϕ1)(ϕ2 − φ1)

F.3 Optimal macroprudential policy under sticky prices with an interest rate rule

In this section we’ll derive optimal macroprudential policy under an interest rate
rule regime. We’ll focus on technology shocks only, which best illustrate the dif-
ference between this regime and the flexible price and optimal monetary policy
regimes. Importantly, under an interest rate rule (or other, non-optimal monetary
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policy regimes) there is a role for macroprudential policy in reducing the welfare
costs of fluctuations in marginal costs, even if those costs emerge from technology
shocks.

We first seek a general solution to the following IS-PC system, derived from
(1.1) and (1.2) with the interest rate rule it = ϕππt:

xt = E[xt+1]− (ϕππt − Et[πt+1])−
(ζ − 1)ψ

ζ
lt

πt = βEt[πt+1] + λχ(xt − at) + λϑllt

Guess and verify the following general solution:

xt = ηxaat + ηxllt

πt = ηπaat + ηπllt

Substituting our general solution into the IS-PC system, we get:

ηxaat + ηxllt = E[ηxaat+1 + ηxllt+1]− (ϕπ(ηπaat + ηπllt)− Et[ηπaat+1 + ηπllt+1])− (ζ−1)ψ
ζ

lt

ηπaat + ηπllt = βEt[ηπaat+1 + ηπllt+1] + λχ(ηxaat + ηxllt − at) + λϑllt.

Separating out the at and lt terms, we get:

ηxaat = E[ηxaat+1]− (ϕπ(ηπaat)− Et[ηπaat+1])

ηxllt = E[ηxllt+1]− (ϕπ(ηπllt)− Et[ηπllt+1])−
(ζ − 1)ψ

ζ
lt

ηπaat = βEt[ηπaat+1] + λχ(ηxaat − at)

ηπllt = βEt[ηπllt+1] + λχ(ηxllt) + λϑllt.
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Simplifying, we get:

ηxa = −
(
ϕπ − ρa
1− ρa

)
ηπa

ηxl = −
(
ϕπ − ϕ1

1− ϕ1

)
ηπl − (ζ − 1)

ηπa = − λχ

(1− βρa) +
ϕπ−ρa
1−ρa λχ

,

ηπl =
λϑl − (ζ − 1)λχ

(1− βϕ1) +
ϕπ−ϕ1
1−ϕ1 λχ

(3.8)

We can treat this solution as a constraint on the macroprudential authority, sum-
marising the IS-PC block of the model. The prudential policymaker’s Lagrangian
is

L = E
∞∑
t=0

βt
{
1

2

[
(1 + ω)

( ε
λ
π2
t + χ

(
x2t − 2xtat

))
+ ωκ̂lll

2
t

]
− µt [πt − ηπaat − ηπllt]− δ̂′t [xt − ηxaat − ηxllt]

−νt [ζlt+1 − (ζ − ψ) lt]} ,

The first order conditions are

π : 0 = (1 + ω)
ε

λ
πt − µt

x : 0 = (1 + ω)χ (xt − at)− δ̂′t

l : 0 = ωκ̂lllt + ηπlµt + ηxlδ̂′t + (ζ − ψ) νt −
ζ

β
νt−1.

Use the optimality conditions to eliminate π, x from the IS-PC block:

µt = (1 + ω)
ε

λ
(ηπaat + ηπllt)

δ̂′t = (1 + ω)χ ((ηxaat + ηxllt)− at)

We can then use these expressions to eliminate µ, ω̂ from the first order condition
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for leverage,

0 = ωκ̂lllt+ηπl(1+ω)
ε

λ
(ηπaat+ηπllt)+ηxl(1+ω)χ ((ηxaat + ηxllt)− at)+(ζ − ψ) νt−

ζ

β
νt−1.

0 = (ωκ̂ll + (1 + ω)υl) lt + (1 + ω)υaat + (ζ − ψ) νt −
ζ

β
νt−1.

where
υl :=

ε

λ
η2πl + χη2xl, υa :=

ε

λ
ηπlηπa + χηxl(ηxa − 1).

As in the flexible price or joint optimal policy regimes, after substituting this
expression into the Leverage curve to eliminate leverage, we can solve for the fol-
lowing general solution for ν,

νt = ϕ1νt−1 + ηaat

where ϕ1 =
ζ−ψ
ζ

. Substituting this general solution into the Leverage curve allows
us to solve for η:

0 = ζEt[lt+1]− (ζ − ψ) lt

= ζEt
[
−(1 + ω)υaat+1 − (ζ − ψ) νt+1 +

ζ

β
νt

]
− (ζ − ψ)

[
−(1 + ω)υaat − (ζ − ψ) νt +

ζ

β
νt−1

]
= (ζ − ψ) (ϕ2 − ρa)ηaat + (ϕ1 − ρa)(1 + ω)υaat

ηa = −
(
ϕ1 − ρa
ϕ2 − ρa

)
(1 + ω)υa
ζ − ψ

.

Now, write the Leverage curve as

ζlt+1 = (ζ − ψ) lt − ζδt+1,
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where ζδt+1 reflects macroprudential policy, and Et[δt+1] = 0.

ζlt+1 = (ζ − ψ) lt − ζδt+1 ⇐⇒

ζ

[
−(1 + ω)υaat+1 − (ζ − ψ) νt+1 +

ζ

β
νt

]
= (ζ − ψ)

[
−(1 + ω)υaat − (ζ − ψ) νt +

ζ

β
νt−1

]
− (ωκ̂ll + (1 + ω)υl) ζδt+1.

Retain only the terms that are measurable in time t+ 1,

(ωκ̂ll + (1 + ω)υl) ζδt+1 = ζ [(1 + ω)υa + (ζ − ψ) ηa] ϵat+1

= ζ

(
ϕ2 − ϕ1

ϕ2 − ρa

)
(1 + ω)υaϵat+1.

Ultimately, we have

δt+1 =

(
ϕ2 − ϕ1

ϕ2 − ρa

)
(1 + ω)

(
ε
λ
ηπlηπa + χηxl(ηxa − 1)

)
ωκ̂ll + (1 + ω)

(
ε
λ
η2πl + χη2xl

) ϵat+1.
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G Derivations for Section 4

The model
ϑxxt = −µllt + χat + γϵat

lt = ϕllt−1 − ϕx∆xt + δϵat

where
ϑx := σ − 1 + χ µl := ζ − 1

φl := 1− ψ

ζ
ϕx := (1− ϕ)

1− σ

ψ
φx :=

σ − 1

ζ

Solving for leverage

lt = ϕllt−1 − ϕx(xt − xt−1) + δϵat

ϑxlt = ϕlϑxlt−1 − ϕx(−µllt + χat + γϵat) + ϕx(−µllt−1 + χat−1 + γϵat−1) + ϑxδϵat

lt = ϕlt−1 −
ϕx

ϑx − ϕxµl
(χat + γϵat) +

ϕx
ϑx − ϕxµl

(χat−1 + γϵat−1) +
ϑx

ϑx − ϕxµl
δϵat

Iterating backward

lt = − ϕx
ϑx − ϕxµl

(χδat + γδϵat) +
ϑx

ϑx − ϕxµl
δϵat + ϕ

[
− ϕx
ϑx − ϕxµl

(χδat−1 + γδϵat−1) +
ϑx

ϑx − ϕxµl
δϵat−1

]
+ ϕ2

[
− ϕx
ϑx − ϕxµl

(χδat−2 + γδϵat−2) +
ϑx

ϑx − ϕxµl
δϵat−2

]
+ ϕ3

[
− ϕx
ϑx − ϕxµl

(χδat−3 + γδϵat−3) +
ϑx

ϑx − ϕxµl
δϵat−3

]
+ ...

= − ϕx
ϑx − ϕxµl

(χϵat + γϵat) +
ϑx

ϑx − ϕxµl
δϵat

lt = − ϕxχ

ϑx − ϕxµl
ϵat −

ϕxχ

ϑx − ϕxµl
[ρ− 1 + ϕ] ϵat−1 −

ϕxχ

ϑx − ϕxµl

[
ρ2 − ρ+ ϕρ− ϕ+ ϕ2

]
ϵat−2

− ϕxχ

ϑx − ϕxµl

[
ρ3 − ρ2 + ϕρ2 − ϕρ+ ϕ2ρ− ϕ2 + ϕ3

]
ϵat−3 − ...

− ϕxγ

ϑx − ϕxµl
ϵat +

(1− ϕ)ϕxγ

ϑx − ϕxµl

∞∑
τ=1

ϕτ−1ϵat−τ +
ϑxδ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ + ...
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lt = − ϕxχ

ϑx − ϕxµl

∞∑
τ=0

ϕτϵat−τ + (1− ρ)
ϕxχ

ϑx − ϕxµl
ϵat−1 + (1− ρ)

ϕxχ

ϑx − ϕxµl
[ρ+ ϕ] ϵat−2

+ (1− ρ)
ϕxχ

ϑx − ϕxµl

[
ρ2 + ϕρ+ ϕ2

]
ϵat−3 + ...

− ϕxγ

ϑx − ϕxµl
ϵat +

(1− ϕ)ϕxγ

ϑx − ϕxµl

∞∑
τ=1

ϕτ−1ϵat−τ

+
ϑxδ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ

lt = − ϕxχ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ +
ϕxχ

ϑx − ϕxµl

∞∑
τ=1

(
(1− ρ)

τ∑
j=1

ϕj−1ρτ−j

)
ϵat−τ

− ϕxγ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ +
ϕxγ

ϑx − ϕxµl

∞∑
τ=1

ϕτ−1ϵat−τ

+
ϑxδ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ

Solving for output

We start by re-writing the Phillips curve as follows:

xt = − µl
ϑx
lt +

1

ϑx
χat +

1

ϑx
γϵat

Substituting the solution for leverage yields:

xt =
χ

ϑx

µlϕx
ϑx − ϕxµl

[
∞∑
τ=0

ϕτ ϵat−τ − (1− ρ)
∞∑
τ=1

τ∑
j=1

ϕj−1ρτ−jϵat−τ

]
+

χ

ϑx

∞∑
τ=0

ρτϵat−τ

+
γ

ϑx

µlϕx
ϑx − ϕxµl

[
∞∑
τ=0

ϕτ ϵat−τ −
∞∑
τ=1

ϕτ−1ϵat−τ

]
+

γ

ϑx
ϵat

− µlδ

ϑx − ϕxµl

∞∑
τ=0

ϕτ ϵat−τ
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H Derivations for Section 5

Proof of Remark 1. The proof of Remark 1 follows from inspection of Equation
A.5

Derivation of Equation 5.1

Starting with the Leverage curve (1.3) and the relationship between the equity risk
premium, leverage and uncertainty (A.5), we can write the equity risk premium as

∆ρt = −ψ
ζ
ρt−1 +

(
1 +

σωψ

ζ

)
ψ∆ξt −

σ − 1

ζ
ψ∆xt.

The equity risk premium will be stabilised (ρ = 0) if there is a monetary policy that
can maintain the following path of output:

∆xt =

(
ζ + σωψ

σ − 1

)
∆ξt, (H.1)

and by (A.5), this monetary policy will ensure

lt = −ξt. (H.2)

To complete the model, we use (H.2) to eliminate leverage from the Phillips curve
(1.2), and add an i.i.d. shock to the process for output, ϵmt, which we interpret as a
monetary policy shock.

Ultimately, this yields Equation 5.1:

σ−1
ζ
∆xt =

(
1 + σωψ

ζ

)
∆ξt − δt. (5.1)

Proof of Remark 2. The proof of Remark 2 follows from inspection of Equation
5.1
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Characterisation of the financial stability interest rate policy and proofs of Propo-

sitions 4 and 5

For the derivations in this subsection, we start with the following reduced form
representation of our model:

πt = βEt[πt+1] + λ(ϑxxt − ϑaat + ϑllt + ϑξξt) (H.3)

lt = ϕllt−1 − ϕx∆xt + ϕξ∆ξt − (1− ϕl)ξt−1 − δiϵit + δaϵat − δξϵξt (H.4)

xt = E[xt+1]−
1

σ′ (it − E[πt+1])− γllt − γξξt (H.5)

Monetary policy shocks

We consider a monetary shock to be a one period shock to the interest rate
at time zero, before monetary policy returns the real interest rate to the financial
stability interest rate r∗∗ in subsequent periods. We assume that at period t− 1 the
economy is at the origin.

i0 = ϵi0 (H.6)

On impact, Equation H.5 becomes

x0 = E0[x1]−
1

σ′ (ϵi0 − E0[π1])− γll0

In subsequent periods, r∗∗ is restored, ensuring that lt = 0, ∀t ≥ 1. Thefore, we
replace the IS curve with the following conditions derived from the leverage curve
(H.4)

0 = ϕll0 − ϕx(x1 − x0), (H.7)

xt = xt−1 ∀t ≥ 2. (H.8)

From the leverage curve (H.4), we can derive the on-impact response of leverage to
the monetary policy shock:

l0 = −ϕxx0 − δiϵi0. (H.9)
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Substituting (H.9) into (H.7) yields

x1 = (1− ϕl)x0 −
ϕl
ϕx
δiϵi0. (H.10)

From period 1 onwards, leverage is at its steady state level and output is constant at
its new equilibrium. We can solve for π1 using the Phillips curve (H.3):

π1 =
λϑx
1− β

x1 =
λϑx
1− β

(
(1− ϕl)x0 −

ϕl
ϕx
δiϵi0

)
. (H.11)

In turn, we can solve for inflation on impact

π0 = βEt[πt+1] + λϑxx0 + λϑll0

= β
λϑx
1− β

(
(1− ϕl)x0 −

ϕl
ϕx
δiϵi0

)
+ λϑxx0 − ϕxλϑlx0 − λϑlδiϵi0

= λ

(
1− βϕl
1− β

ϑx − ϕxϑl

)
x0 − λ

(
β

1− β

ϑxϕl
ϕx

+ ϑl

)
δiϵi0. (H.12)

We substitute the conditions (H.10) and (H.11) into the IS curve (H.5) to solve for
the path of output:

x0 = E[x1]−
1

σ′ (ϵi0 − E[π1])− γll0

= (1− ϕl)x0 −
ϕl
ϕx
δiϵi0 −

1

σ′

(
ϵi0 −

λϑx
1− β

(
(1− ϕl)x0 −

ϕl
ϕx
δiϵi0

))
− γl(−ϕxx0 − δiϵi0)

0 = −ϕlx0 + γlϕxx0 −
1

σ′

(
− λϑx
1− β

((1− ϕl)x0)

)
− ϕl
ϕx
δiϵi0 −

1

σ′

(
ϵi0 −

λϑx
1− β

(
− ϕl
ϕx
δiϵi0

))
+ γlδiϵi0

0 = −
(
σ′(ϕl − γlϕx)−

1− ϕl
1− β

λϑx

)
x0 − ϵi0 − σ′ ϕl

ϕx
δiϵi0 −

λϑx
1− β

ϕl
ϕx
δiϵi0 + σ′γlδiϵi0

0 = −
(
σ′(ϕl − γlϕx)−

1− ϕl
1− β

λϑx

)
x0 −

(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+

λϑx
1− β

ϕl
ϕx

)
δi

)
ϵi0

x0 = −
(
σ′(ϕl − γlϕx)−

1− ϕl
1− β

λϑx

)−1(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+

λϑx
1− β

ϕl
ϕx

)
δi

)
ϵi0

(H.13)
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Now substitute (H.13) into (H.10) to solve for x1:

x1 = −(1− ϕl)

(
σ′(ϕl − γlϕx)−

1− ϕl
1− β

λϑx

)−1(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+

λϑx
1− β

ϕl
ϕx

)
δi

)
ϵi0

− ϕl
ϕx
δiϵi0

=
−(1− ϕl)

(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+ λϑx

1−β
ϕl
ϕx

)
δi

)
−
(
σ′(ϕl − γlϕx)− 1−ϕl

1−β λϑx

)
ϕl
ϕx
δi(

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

) ϵi0

=
−(1− ϕl)− (1− ϕl)σ

′
(
ϕl
ϕx

− γl

)
δi − σ′(ϕl − γlϕx)

ϕl
ϕx
δi(

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

) ϵi0

=
−(1− ϕl)− σ′

(
ϕl
ϕx

− γl

)
δi

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

x1 = −
(1− ϕl) + σ′( ϕl

ϕx
− γl)δi

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

(H.14)

Leverage on impact is given by (H.9) and (H.13)

l0 = −ϕxx0 − δiϵi0

=
ϕx

(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+ λϑx

1−β
ϕl
ϕx

)
δi

)
−
(
σ′(ϕl − γlϕx)− 1−ϕl

1−β λϑx

)
δi

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

=
ϕx +

(
σ′ (ϕl − γlϕx) +

ϕl
1−βλϑx

)
δi −

(
σ′(ϕl − γlϕx)− 1−ϕl

1−β λϑx

)
δi

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

l0 =
ϕx +

λϑx
1−β δi

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

(H.15)
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The real interest rate on impact is given by (H.13) and (H.12)

r0 = ϵi0 − E[π1]

= ϵi0 −
λϑx
1− β

(
(1− ϕl)x0 −

ϕl
ϕx
δiϵi0

)

= ϵi0 +
λϑx
1− β

(1− ϕl)
(
1 +

(
σ′
(
ϕl
ϕx

− γl

)
+ λϑx

1−β
ϕl
ϕx

)
δi

)
σ′(ϕl − γlϕx)− 1−ϕl

1−β λϑx
ϵi0 +

ϕl
ϕx
δiϵi0


=

σ′(ϕl − γlϕx)

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0

+
λϑx
1− β


(
(1− ϕl)σ

′
(
ϕl
ϕx

− γl

)
+ 1−ϕl

1−β
ϕl
ϕx
λϑx

)
σ′(ϕl − γlϕx)− 1−ϕl

1−β λϑx
+
ϕl
ϕx

 δiϵi0

=
σ′(ϕl − γlϕx)

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

ϵi0 +

1
ϕx

λϑx
1−βσ

′ (ϕl − γlϕx)

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

δiϵi0

=
σ′(ϕl − γlϕx)

σ′(ϕl − γlϕx)− 1−ϕl
1−β λϑx

(
1 +

1

ϕx

λϑx
1− β

δi

)
ϵi0

(H.16)

Supply shocks

In response to supply shocks, the monetary policy authority can maintain finan-
cial stability by ensuring that leverage remains at its steady state level. We can use
the leverage curve (H.4) to solve for the path of output. The leverage curve can be
simplified for this example to the following:

lt = ϕllt−1 − ϕx∆xt + δaϵat.

In order to maintain leverage at its steady state level, output must be constant in the
absence of prudential policy, or follow a random walk in the presence of prudential
policy:

xt = xt−1 +
δa
ϕx
ϵat.
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In turn, we can solve for the path of inflation using the Phillips curve (H.3):

πt = βEt[πt+1] + λϑxxt − λϑaat

=
λϑx
1− β

(
xt−1 +

δa
ϕx
ϵat

)
− λϑa

1− βρa
at

Uncertainty shocks

In response to uncertainty shocks, the monetary policy authority can maintain
financial stability by ensuring that leverage decreases one-for-one with the increase
in uncertainty, lt = −ξt. The leverage curve (H.4) implies that output will follow

∆lt = −(1− ϕl)lt−1 − ϕx∆xt + ϕξ∆ξt − (1− ϕl)ξt−1 − δξϵξt

= −ϕx∆xt + ϕξ∆ξt − δξϵξt

0 = −ϕx∆xt + (1 + ϕξ)∆ξt − δξϵξt

ϕx∆xt = (1 + ϕξ)∆ξt − δξϵξt

Solving for the path of output yields

xt = xt−1 +
1 + ϕξ
ϕx

∆ξt −
δξ
ϕx
ϵξt

xt =
1 + ϕξ
ϕx

ξt −
t∑

τ=0

δξ
ϕx
ϵξt−τ
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We can solve for inflation at time t using the Phillips curve (H.3):

πt = βEt[πt+1] + λϑxxt + λϑllt + λϑξξt

= βEt[πt+1] +

(
λϑx
ϕx

(1 + ϕξ)ξt −
λϑx
ϕx

δξ

t∑
τ=0

ϵξt−τ

)
+ (λϑξ − λϑl)ξt

= βEt[πt+1] + λ

(
ϑx
ϕx

(1 + ϕξ) + ϑξ − ϑl

)
ξt −

λϑx
ϕx

δξ

t∑
τ=0

ϵξt−τ

= λ

(
ϑx
ϕx
(1 + ϕξ) + ϑξ − ϑl

1− βρξ
ξt −

ϑx
ϕx
δξ

1− β

t∑
τ=0

ϵξt−τ

)

The real interest rate is given by the IS curve (H.5):

rt = σ′(Et[∆xt+1]− γllt − γξξt)

= σ′
(
(ρξ − 1)

1 + ϕξ
ϕx

+ γl − γξ

)
ξt

= σ′
(
−(1− ρξ)

1 + ϕξ
ϕx

+ γl − γξ

)
ξt

From the Fisher relation, the nominal interest rate it is

it = rt + E[πt+1]

= σ′
(
−(1− ρξ)

1 + ϕξ
ϕx

+ γl − γξ

)
ξt

+ Et

[
λϑx
ϕx

(1 + ϕξ) + λϑξ − λϑl

1− βρξ
ξt+1 −

λϑx
ϕx
δξ

1− β

t+1∑
τ=0

ϵξt+1−τ

]

= −σ′
(
(1− ρξ)(1 + ϕξ)

ϕx
− γl + γξ

)
ξt +

ρξ
1− βρξ

(
λϑx(1 + ϕξ)

ϕx
+ λϑξ − λϑl

)
ξt

−
λϑx
ϕx
δξ

1− β

t∑
τ=0

ϵξt−τ

While the financial stability interest rate promotes an expansion in response to a
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typically contractionary uncertainty shock, this does not necessarily require a de-
crease in the policy nominal interest rate. The uncertainty shock increases marginal
costs (refer to the terms λϑx(1+ϕξ)

ϕx
+λϑξ), which in turn increases expected inflation

and reduces the real interest rate even in the absence of a decrease in the nominal
interest rate. The financial stability interest rate also decreases leverage in response
to contractionary uncertainty shocks (refer to the term γl), which in turn increases
aggregate demand for every level of the real interest rate.

The inflation stabilising interest rate, r∗

We start with a reduced form representation of our model with inflation π set to
zero for all periods:

xt = ϑ′
aat − ϑ′

llt − ϑ′
ξξt (H.17)

lt = ϕllt−1 − ϕx∆xt + ϕξ∆ξt − (1− ϕl)ξt−1 (H.18)

r∗t = σ′ (E[∆xt+1]− γllt − γξξt) (H.19)

where ϑ′
j = ϑj/ϑx for j ∈ {a, l, ξ}.

We use the Phillips curve and leverage curve (H.17,H.17) to solve for xt, lt in
terms of lagged variables and exogeneous states:

lt =
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

lt−1 −
ϕxϑ

′
a

1− ϕxϑ′
l

∆at +
ϕξ + ϕxϑ

′
ξ

1− ϕxϑ′
l

∆ξt −
1− ϕl

1− ϕxϑ′
l

ξt−1. (H.20)

Iterating backwards,

lt = − ϕxϑ
′
a

1− ϕxϑ′
l

(
at −

1− ϕl
1− ϕxϑ′

l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

)

+
ϕξ + ϕxϑ

′
ξ

1− ϕxϑ′
l

ξt −
(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
ξt−1−τ .
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Solving for output,

xt = ϑ′
aat + ϑ′

l

ϕxϑ
′
a

1− ϕxϑ′
l

(
at −

1− ϕl
1− ϕxϑ′

l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

)

− ϑ′
ξξt − ϑ′

l

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

ξt + ϑ′
l

(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
ξt−1−τ

xt =
ϑ′
a

1− ϕxϑ′
l

at −
ϕxϑ

′
lϑ

′
a(1− ϕl)

(1− ϕxϑ′
l)
2

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

−
ϑ′
ξ + ϕξϑ

′
l

1− ϕxϑ′
l

ξt + ϑ′
l

(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
ξt−1−τ

Substituting into the IS curve (H.19) yields

σ′−1
r∗t = −(1− ρa)

ϑ′
a

1− ϕxϑ′
l

at −
ϕxϑ

′
lϑ

′
a(1− ϕl)

(1− ϕxϑ′
l)
2

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
∆at−τ

+ (1− ρξ)
ϑ′
ξ + ϕξϑ

′
l

1− ϕxϑ′
l

ξt + ϑ′
l

(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
∆ξt−τ

− γl

(
− ϕxϑ

′
a

1− ϕxϑ′
l

(
at −

1− ϕl
1− ϕxϑ′

l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

))

− γl

(
+
ϕξ + ϕxϑ

′
ξ

1− ϕxϑ′
l

ξt −
(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
ξt−1−τ

)
− γξξt
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σ′−1
r∗t = −(1− ρa)ϑ

′
a

1− ϕxϑ′
l

at −
ϕxϑ

′
lϑ

′
a(1− ϕl)

(1− ϕxϑ′
l)
2

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
∆at−τ

+ (1− ρξ)
ϑ′
ξ + ϕξϑ

′
l

1− ϕxϑ′
l

ξt + ϑ′
l

(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
∆ξt−τ

+ γl

(
ϕxϑ

′
a

1− ϕxϑ′
l

(
at −

1− ϕl
1− ϕxϑ′

l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

))

− γl

(
ϕξ + ϕxϑ

′
ξ

1− ϕxϑ′
l

ξt −
(
1 +

ϕξ + ϕxϑ
′
ξ

1− ϕxϑ′
l

)
1− ϕl

1− ϕxϑ′
l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
ξt−1−τ

)
− γξξt

Focusing on the response to within period technology shocks, we have

σ′−1
r∗t = −(1− ρa)ϑ

′
a

1− ϕxϑ′
l

at −
ϕxϑ

′
lϑ

′
a(1− ϕl)

(1− ϕxϑ′
l)
2
at + γl

ϕxϑ
′
a

1− ϕxϑ′
l

at

+ F(ξt, ξt−1, ξt−2, ...; at−1, at−2, ...)︸ ︷︷ ︸
:=ft

r∗t = − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx

)
at + f ′

t
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The profit rate is

r∗t + ρt = − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx

)
at + ρt + f ′

t

= − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx

)
at + ψlt + f ′

t

= − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx

)
at

+ ψ

(
− ϕxϑ

′
a

1− ϕxϑ′
l

(
at −

1− ϕl
1− ϕxϑ′

l

∞∑
τ=0

(
ϕl − ϕxϑ

′
l

1− ϕxϑ′
l

)τ
at−1−τ

))
+ f ′

t

= − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx

)
at − ψ

ϕxϑ
′
a

1− ϕxϑ′
l

at + f ′′
t

= − σ′ϑ′
a

1− ϕxϑ′
l

(
(1− ρa) +

ϕxϑ
′
l

1− ϕxϑ′
l

(1− ϕl)− γlϕx +
ψϕx
σ′

)
at + f ′′

t

In terms of our standard parameter assignment we have
The profit rate is

r∗t + ρt = −σ + ζ − 1

ζ

ϑ′
a

1− σ−1
ζ
ϑ′
l

(
(1− ρa) +

σ−1
ζ
ϑ′
l

1− σ−1
ζ
ϑ′
l

ψ

ζ
− ζ − 1

σ + ζ − 1

σ − 1

ζ
+
ψ σ−1

ζ

σ+ζ−1
ζ

)
at + f ′′

t

= − σ′ϑa
ϑx − ϕxϑl

(
(1− ρa) +

ϕxϑl
ϑx − ϕxϑl

(1− ϕl)− γlϕx +
ψϕx
σ′

)
at + f ′′

t
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