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A Financial Friction Derivations

We start with the model of Duncan and Nolan (2019), which predicts the following
relationship between leverage, the factor wedge and uncertainty in the case of two

income states and low audit costs:

(T +mn)T

L =
(ME-T)(mn=+T1)

(A.1)

where L is leverage, and = is uncertainty measured as the difference between
high and low income states, such that [, £ denote log-linearised fluctuations in L, =,
and 7 denotes linearised fluctuations in 7'.!

The allocations resulting from Equation A.1 are well approximated around the
steady state by the limitasn — 0.
Letn — O:

Tt
L=_—"_ A2
=T (A-2)

Taking log-quadratic approximations around the steady state yields

1 7=
= )7 — ———
(ﬁ —T)T =T

which we express as follows:

T=T7 (l - %lz) + 7 (5 + %52) +0(2%) (A.3)

where 7 == —T,and 7 = M=,

"Note that Z oc o(6). As aresult, log-linearised fluctuations in = can be interpreted as equivalent
to log-linear fluctuations in the volatility of idiosyncratic productivity shocks.



A.l Equity risk premium

The equity risk premium is denoted as follows:
R=1+4+LT

and permits the following second order approximation:

L 1

Using (A.3), we can write

— L = = ]- 2 ]-,,:, 2 — = 17:‘2 _ = 9 _ - 3
P IT <”“lt+2Tlt S(RE-T)P+ R+ SREE + (RE-T) + R EE) ) + O(=%)

A+ LT 1, 1, s

=137 (lt+21 +E+ 58 +l§>+(9(z)

which we denote
1 2 1 2 3
pr=10 L+ 0+ 5E+IE) +O() (A.5)

T+LT

where ¢ = T4

A.2  The importance of audit signal errors n| for quantitative analysis

Four our quantitative analysis, we use the full expression (A.1), with strictly positive
1, which we allow to be estimated. The following broad relationships still hold, for

the full nonlinear model,

LTg
1+ LT

This is convenient, and makes the above limiting approximations useful for

Tl:Tg—T, 1/)2

analysis of model dynamics. For policy analysis, we require strictly positive 1. The

expected welfare costs of audit errors for entrepreneurs do not vanish as — 07.



B Derivations of key model equations

B.1 The model in full

The IS curve

1 .
¢; = Eefcia] — ;(Zt — Eq¢[mi14])

The Phillips curve
m = BE[mi41] + App,

Risk Sharing

ocy — ¢ =0c 1 — g — pr— (L+ow(l =)

Aggregate Demand
c c*
Ty = —c+ —c;
Risk premia
LT - L
= T,
Ty LT T iy

Leverage

xt:cf—pt—i—lt

Producer prices (marginal costs)

+ « 1+
pp,= |0+ 7 Tt — ¢at+aw(1_¢)lt_aw¢§t+7t
1 -« l -«

Labour wedge
Ty = Tily + Te&y

Interest rate policy
it = OpTt + Gt + Pily

Prudential policy
E[6141] =0

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)



B.2 Retailers

The final consumption goods consumed by households and entrepreneurs represent

baskets over differentiated consumption goods. Aggregate consumption is given by

C=c+c

C = [/OIC(i)Esldirl,

with C'(7) representing the quantity of good i consumed by all agents in the period.>

where

The resulting demand schedule for individual consumption goods is as follows:

(i) = <@) e

Differentiated final consumption goods C'(¢) are produced by a continuum of retail-
ers from the undifferentiated output goods sold by entrepreneurs. Retailers do not
require labour or capital, and are owned by the representative worker household.
Following Calvo (1983), a retailer in period ¢ can reset their price in the cur-
rent (or any future period) with probability 8. The retailer solves the following

programme:

max Y 0% [m k(P — PPy Virnie]
k=0

Py

where m denotes the worker household’s stochastic discount factor. Ultimately,

retailer optimisation leads to the following log-linearised Phillips curve,

7, = BE[m11] + App,

(1-0)(1-86) _1-a
0 l—a+tae’

log deviation of producer prices from their steady state level.

where \ =

m; 1s the current period inflation rate and pp, is the

2An implicit assumption here is that while entrepreneurs and households have different prefer-
ences over their overall level of consumption, they share common elasticities of substitution between
constituent differentiated consumption goods.



B.3 Derivation of producer prices

Entrepreneurial output is homogeneous and priced competitively, with producer

prices equated to marginal costs including the marginal cost of risk bearing:

pp, = wy — (mpny — 1)
= (O’Ct + gont) — (ilft — Ny — Tt)
1+
11—«

=0c¢ + (T —a) —ze+ 7

Substituting out consumption for terms of output, leverage and the equity risk pre-

mium yields

+a 1+
op, — (0+ o &> v~ 1Lt ol — ), — 0wt + il + 7 B

In addition to the standard New Keynesian marginal cost terms in output and tech-
nology, leverage and uncertainty increase the marginal cost of risk bearing (7;l;, 7¢&;),
and also affect the distribution of consumption, generating a wealth effect on marginal

costs that is increasing in leverage and decreasing in uncertainty (ow(1—1)l;, —ow&;).
B.4 Derivation of the Leverage curve (Equation 1.3)
From equations B.4 and B.6 we obtain

e =xr — w(pr — 1)

=€

where w = CT Substituting this expression and (B.6) into the aggregate risk

c
sharing relationship (B.3), we obtain

oz —wlpr — 1)) — (e + pr — 1)
= 0(xi—1 — w(pr—1 — l=1)) = (@1 + pr—1 — lim1) — pe — (1 + ow(1l — 1)) 0.



Collecting like terms,

(0 — Day — owpy + (ow + 1)1,
=(c—1Dxy — (ow+ 1) (pr—1 — li—1) — (1 + ow(1 —1)))é;.

Use (B.5,B.8,A.4) to eliminate p

pe =Vl + &) (B.12)

(0 — D)y — ow(ly + Y&) + (ow + 1)1
= (0= Dayy — (ow+ 1)(WPli—y +Y&—1 — li—1) — (1 + ow(l —))d,.

Simplifying yields
Cle = (C = V)limr + owp§y — (ow + 1)p&—1 — (0 — 1) (2 — 24-1) — (0.

where ¢ := (1 4+ ow(1l —1)).

Reordering and collecting terms

c—1

(8

Ol PR (wA& .

lt:
¢ ¢

B.5 Derivation of the IS curve (Equation 1.1)

Start by substituting the Aggregate Demand B.4, use Equations B.5, B.6, B.8 to
eliminate entrepreneurial consumption c® and express aggregate demand x in terms

of household consumption ¢, leverage [ and risk £ only:

= €

C C
r=—c+—(r,+v(;+&) — ).
T T

Simplifying yields

Ct = T + W(l - ¢)lt - CL)Q/th (B14)



Use this expression to find expected future consumption E[c;4]:

Elci] = Elzen] + w(l = V)E[lia] — wyE[G44]

Use the Leverage curve B.13 to eliminate E[/;; 1], the shock process & = pe&—1+e€g
to eliminate E[¢;, ;| and Lemma 1 to eliminate E[d;]:

Blo] = (1- w1 )7 ) Bl

¢
+w(l— ) <1—?)zt

¢
B CENCELTE R

¢

+ P£¢) &

Substituting these expressions into the Euler condition yields

Ty +w(l =)l — wipéy
(i

) E[zi441] (B.15)

+w(l—1) (1 — %) ly
1+ ow(l — pe))Y
oc—1 1.
+ UJ(]_ — w) C Ty — ;(Zt — Et[ﬂ-t-i-l]) (B16)
Here we can simplify in two different ways. For our primary representation (1.1),

. . o—
we use the leverage curve to eliminate the terms in w(1 — )

¢, which re-
flect entrepreneurial consumption. Our primary representation can be interpreted
as reflecting the household’s Euler condition in terms of aggregate output. An alter-
native representation can be found from simplifying the above expression directly,
leaving the result in terms of current period variables and expected future output

and inflation. This latter representation can be interpreted of as a weighted average



over the Euler conditions of the households and entrepreneurs.

From (B.16) we can derive (1.1) as follows. We start by using the leverage curve

_ . g — . .
(1.3) to eliminate the terms in w(1 — v)) x and its expectation:

Ty +w(l =)l — w

= E[zi41] — %(it — Ey[mi14])

+w(l = )il — w (1 —P)pie + pet)) &

+w(l —Y)E; [Alyyr + %(lt +&) — %A&H—l + 01
1,
2y = E[zi41] — ;(lt — Eq[m14])
— (1= DT = g (1~ pe)i
+ (1= DB [Blen] + (1 = ) 221 = o
Ultimately, we’re left with
xy = Elz] — %(it — By[mii4])

Fwp(1 — pe)éy + w(l — P)E; [Alyyq] . (B.17)

From (B.16) we can also derive (B.17) as follows:

(c—wu—w)(o—l))xt

¢
B (g —u( —sz(a = 1)) Efze,] — é(it — Ey[res])
(1 =)y (1+ ow(l — pe))e

—w c lt—W((l_w) ¢ —<1—P§)w>£t



¢
o —wl-v)o—1)
ey
C—wl—v)o—1)"
@ [(1= 9)(1+ ow(1 = pe))¥ — C(1 = po)e]

- C—wll — )0 —1)) 5

1y = E[zi41] — (i — E¢[mi41])

¢ .
v a gy
w(l — )y I wip(pe — 1)

(e =)t Qe —9)

vy = E[zi1] —

&

¢
(+o—1

owp(1—v),  owi(pe — w>€
(+0—-1" (4+0-1 "
(B.17)

2y = Elwiy] — (it — Ee[meia]) —



C Welfare criterion

C.1 Helpful log-quadratic approximations of structural relationships

For the aggregate expenditure and financial friction relationships, we derive log-
quadratic approximations, which substitute into some log-linear terms in our wel-
fare criteria. We require log-quadratic approximations of the aggregate expenditure
relationship in order to appropriately capture welfare costs resulting from fluctu-
ations in the distribution of consumption. We also require log-quadratic approxi-
mations of financial relationships, which are not well approximated by log-linear

relationships.

Aggregate expenditure The aggregate expenditure relationship
X=0+C"

permits the following log-quadratic approximation

1
Ty + —xf =

1 e 1
2 (Ct + —c?) + % (cf + —c?) +0O(2*) (C.1)

2 2

ISR

Entrepreneurial consumption Combining B.6 with A.5 yields
e 1 2 1 2 3
=+ | G SEHIE) (1 =9)l+0(2) (C2)

Worker household consumption. From C.1 and C.2, we can derive the following

second order approximation of household consumption

1 1 1
= (1+w) (xt + §xf) —w (Cte + 5052) -5 (14 w)z — wef)? + O(2%)
1 1
=2 —wlp =)+ 51+ w)ay — qwlae +pe = )
1
= 5 (@ —wlp = )"+ O(z")
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Simplifying, with the help of (A.5), yields

=z —w(p—1)— %w(l +w)(p—1)?+0(z%)
=z — wy GF +&+ %52 + lg) +w(l =)l — %w(l +w)(p—1)?+0O(z%)
=r —wy (él2+£+%§2+l£) +w(l =)l

- éwu +w) (P26 = 20(1 = D)lE + (1 — ¥)°1*) + O(°)

It is helpful to write this as

1
e = (1+wz —wef — sw(l +w) (P2 = 20(1 =)l + (1 - ¥)*F) + O(F)
as the terms (1 + w)z; — we; will drop out of future welfare calculations.

2
= (xt — wi) (%l2 +&+ %52 + l§> +w(l— w)l) + O(2?)

= (2 —wp€ +w(l = ¥))* + O(2")
= 2% — 2whxé + 2w(1 — )2l + W P*E? — 2P (1 — P)IE + W (1 — )12 + O(2%)

C.2 The worker household

The household’s welfare is

V= EOZﬁ u(Cr) = v(Ny)]

)C* C*y+ 1 (th—c*) C*2u" (C%)
(T) N*v /N* _ *) N*v // N*)

,EOZQT (

+k

1
2

11



- o
VoniBTC*U’(C*) (CCC ){ (C C N*)2] ]+kz’

t=0 — O

. _(CtC—C _%(th—c 2
_ T * ./ * /
TR i (o) s ()] |

V = E, ZﬁTC*u’(C*) [ (Ct + %Cf) — %cf —(14+w(—a) [(nt + %nf) + %nﬂ ] + K

t=0

where the term (1 + w) reflects the fact that the household consumption share of
outputis 1/(1 + w).

We can express the above value function in terms of a within-period loss function:

o—1 1+
L=—¢+ 5 &+ (1+w)(1—a) (nt—irTspnf)
o—1 11+¢
=G+ — ct2+(1+w)§1_a(:ct—at)2

= —(1+w)xs + wci + %w(l + w) ((1 — @D)QlQ —2y(1 — Q/J)lf)

o —
_|_

! (2% — 2wypz€ + 2w(1 — )l — 2w P (1 — Y)IE + W (1 — )*1)

1(1+w)(1+
+§( 1)—(a S0)(3173—295tat)

1
= 2 (0= 1+ (L w)x) 2 — (1 +w)xaia

bR (14 0w (1= 0) (1 - 0 — 2016

+w(o = 1) (1 =)zl — yag)
— (1 +w)z +wef
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C.3 Entrepreneurs

The lifetime value of an individual entrepreneur can be expressed as follows:

=E) (89 log Cf (6')
t=0

where 6" captures the history of idiosyncratic shocks realised by the individual
entrepreneur. We decompose this sum into the time zero consumption and the se-
quence of consumption growth over time, for some entrepreneur who at time zero

receives mean consumption cg

CE(6")

(1—pB°)Ve =logcy + EZ(ﬁe)tlog Ce (01

t=0
Consumption growth can be further decomposed into the aggregate mean con-

sumption growth across all entrepreneurs, and the idiosyncratic component.

(1—pgo)ve logCe+EZ log (&,zt)

where ¢(&;, ;) captures the welfare costs of the idiosyncratic component of

growth in net wealth for some entrepreneur with time ¢ aggregate states &, [;. We

can write
1 _ > . 1
Ve = 5 log C§ + EZ(ﬁe)t log Cy + 1_—&1[‘: Z(ﬂey log g(&:, 1)
t=0 t=0

which permits a second order loss function approximation

Le = —Var(gt) —Var(lt) + Kigcov(ly, &)

1 .
Le = 5 [kuvar(ly) + 2kecov(ly, &)] + tip

gieg — Gi9¢
g*(1 — p°)’

of value costs of productive risk and leverage, holding mean consumption growth

where, without loss of generality, r;¢ := a measure of the convexity

13



constant.

C.4 Aggregate welfare

Following Negishi (1960), we can derive the Pareto weights that are consistent with
the competitive equilibrium allocations being those resulting of a policymaker’s
optimal initial wealth allocation. By applying the resulting Negishi weights to
our worker and entrepreneurs’ loss functions, we remove any redistribution mo-
tive from our monetary policy and macroprudential policy analysis. Any resulting
welfare gains from optimal policy can be interpreted as increases in the efficiency
of allocations.

The policymaker’s loss function can be described as follows:
A=2wL*+ L)

where w, the ratio of steady state entrepreneurial consumption to worker con-
sumption, is equal to the ratio of the Negishi weights attached to the entrepreneurs’

and workers’ utility respectively.

1
A:5(0—1+(1+w)x)xf—(1+w)xwt&t

+ 5w (14 0w) (1 - ) (1 - 91 — 201€)

+w(o—1) (1 —¢)zl — ¢xg)
— (1 +w)z +wef
+ wryl? + 2wrieh& + (1 + w)iﬁf + ti.p.

Collecting like terms,

1 1
A= +w)sm +5 (0= 1+ (L +w)x)af - (L+w)xa

F 3w (=01 =)+ ) = w0 (C— ) — ) I
+w(o—1) (1 — )zl —Yx) + tip. (1.8)

14



C.5 The monetary policymaker’s objective under log utility 0 = 1

Under log utility, /? and [;¢; become independent of monetary policy (they remain
dependent on policy under the macroprudential policymaker’s problem). The term
(0 — 1) (2w(l — Y)xely — 2wyz,&;) captures the welfare effects of fluctuations in
the distribution of consumption. When both agents have the same preferences over
consumption, distributional fluctuations have no effect on social welfare at the mar-

gin. After simplifying, we’re left with

1
A= 5(1 + w) (%rf + xa? — 2xsctat) + ti.p,

which is identical, up to scaling and terms independent of policy, to the loss function
of the policymaker under log utility in the standard New Keynesian model (see
for example Gali, 2008, Ch.4 Appendix). Terms independent of monetary policy
remain important for welfare, and achieving A = 0 (+t.i.p) in all periods does not

imply first best efficiency or even second best constrained efficiency.

15



D A graphical representation of our findings

In this Appendix we present a graphical representation of our model and the key

findings of this paper.

D.1 The Leverage Curve and prudential policy

Equation (1.3) posits a downward sloping relationship between leverage and output

in the current period.

(C_w)ltq + % (u)O'Agt_gt_ o1

¢ ¢ P

Prudential policy is represented by d;, which is a function of the unanticipated

lt = Al't> — (515 (13)

components of fluctuations in output, uncertainty, and other exogeneous shocks.
On impact, prudential policy reduces the impact of shocks on leverage. Prudential

policy can therefore be represented as a flattening of the leverage curve.

l

LEV’
LEV

X

Figure 1: The leverage curve (LEV) and prudential policy (LEV’)

D.2  Deriving the ASAD Curve

The ASAD curve relates leverage and output in our model. The ASAD curve is

downward sloping in the output-leverage space for typical monetary policies. This

16



is because an increase in leverage reduces aggregate demand, through the IS curve,
and increases marginal costs, through the Phillips curve.

In this derivation, we assume that monetary policy follows a Taylor-type simple
rule to derive a downward sloping ASAD curve. To derive the ASAD curve, we
first combine the IS curve and the interest rate policy to obtain a contemporaneous
direct relation between output and inflation, herein called IS-MP. Equations (1.1)

and the Taylor rule ¢, = ¢,7; imply the following,

1 —1
T = EEt[ﬂ-t—&—l] + %

Equation (D.1) presents a negative relation between current period inflation 7;

(Et[l’t-i-l} — th) — —lt (Dl)

and output x;, holding all else equal. The Phillips curve, on the other hand, presents
a positive relation between the variables. Note also that changes in leverage have
two simultaneous impact in the diagram. Following the IS-MP schedule, an in-
crease (decrease) in leverage decreases (increases) inflation for every level of out-
put. Whereas in the Phillips curve what happens is the opposite. Graphically, this
means that following an increase in leverage, the PC shifts upward, while the IS-MP
curve shifts downward. Plotting both schedules and the aforementioned leverage

impact we obtain the graphic derivation of the ASAD curve as follows:?

PC(l2) :

PC(l1)

ASAD

(a) IS-MP-PC diagram (b) ASAD Curve

Figure 2: ASAD curve graphic derivation

3We present an algebraic derivation of the ASAD curve in Subsection D.4 of this Appendix for
a simplified version of the model.
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D.3  Our main findings in the ASAD-LEV model

Section 2. The Safety Trap

(A) o =1

I

I b \

I R T —
LEV,
ASAD,

ASAD,
I 0 T
(B)o =1 i
!
0 LEV!,

ASAD),

ASAD),

x 0 T

Figure 3: The Safety Trap
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Section 3. Optimal policy under log utility

(A) Inflation targeting, no prudential policy

PC,
PCy
i LEV,
0 [S-MP 0 LEVy
ASAD
/
* 0 . * 0 r
(B) Optimal monetary and prudential policy
T l
PC,y
PCy
m b N LEV,
0 0 LEV,
IS-MP
ASAD

T 0 T 0 T

Figure 4: Optimal policy response to an increase in uncertainty under log utility

Section 4. Leaning against and cleaning up after financially accelerated technology

shocks
Section 5. Financial stability interest rate policy
D.4 Algebraic derivation of the ASAD curve under log utility

We first seek a general solution to the following IS-PC system, derived from (1.1)

and (1.2) with the interest rate rule ©; = ¢, 7;:

19



(A) 6, =0

i

l ASAD,

0 ASAD_,
LEV,
LEV,

roi  iay 0 T
(B) 6; > 0 P

i

Iy

0

P n.'r i n'r r
N 0 T

Figure 5: Interest rate shocks and the financial stability interest rate policy

€=y

Ly
¢

Ty = E[xt+1] - (¢7r7ft - Et['ﬁﬂrl]) -
7y = PEmip] + Axay + 9l

20



for bounded process (.

Eliminating z;,

-1
Ty — BBy [mp41]—0ily = Et[ﬂtﬂ—ﬂﬁmz—ﬁlltﬂ]—)\X(Cbnﬂt—Et[WHl])—)\let
The deterministic component is
0= —m + BT + M1 — BTere — AXPaTt + AXTes1

with characteristic equation

0=(1+Ax¢x) — (L+ B+ AX)¢ + B¢
and eigenvalues

(I B8+ M) VA + B+ M) —48(1 + Axox)
= 25
Guess the solution
T = o171 + puily,

where (¢ is the stable eigenvalue.

_ €=y
= BE[me 1] —ily = Et[”tﬂ—ﬁﬂtw—ﬁzltﬂ]_)\X(%ﬂt—Et[WHl])—)\XTQ

_ (C=Dy
(L+AX D)7 — (L4 B+ AX)Ee[mig1] + BE [Ty 42] = Uil — iy [ly41] _)\XTlt
_ €Dy
(1 4+ A )7t — (14 B+ AX) B[] + BE[mr42] = (1 — ¢1)hils — /\XTlt
where ¢, is the persistence of the process for /;. Solving for ;« we have
14+ Ax¢r -1
—%MEJQH] + BuE[ler2] = (1 = ¢1)dle — /\xwln
1

21



and ultimately o
2 )\X% — (L= ¢1)¥

B o1 14 Mon — Boron

Substituting the solution for 7, into the Phillips curve yields

= BT+ Budly + Axaw, + 9yl

Axay = (1 — Bo1)m — (91 + Bud)l

Subtracting ¢1 Axx;_1 from both sides,
AXT—1AXTi—1 = (1=Bo1)m—p1(1=Bp1)mi1— (Vi+Budr ) li+p1 (Vi+Bpudi )1

Axze = 1 AXTi—1 — (O + p(B(d1 + ¢1) — 1)l + o1 (9 + Budr)li—a

Current output is decreasing in current period leverage, which gives us the ASAD
curve. In the limit, as the interest rate response to current inflation 7, increases,
the relationship between output and leverage steepens towards the flexible price
relationship Az, = — (U + j(B(¢1 + 1) — 1))l

22



E The flexible price model

E.1 The flexible price model in full

The following equations carry over from the sticky price model
Risk Sharing

oCL— ¢ =0C—1 — Ci_1 — Py (B.3)
Aggregate Demand
c c®
Ty = —C¢ + TC: (B4)
x z
Risk premia
LT L
= l B.5
Ay (B-)
Leverage
o =c; —ptl (B.6)
Wedge
Tt = Tllt + ngt (BS)
The production and labour market equations are as follows:
Production
Ty = ay + (1 — a)nt (El)
Labour supply
—0cy = Ny — Wy (E.2)
Labour demand
Wt = Ty — Ng — Ty (E3)

E.2 Equilibrium production

1
Let x = 1—1_—@ From Equations E.1, E.2, E.3, we can derive the following expres-
—

sion for equilibrium output

(X_1)$t:XCLt—UCt—Tt

23



Now, we use (B.8) and (B.14), we can eliminate ¢ and 7
(X = Dar = xar — 0 (x —w(p — 1)) = (Tile + 7¢&1)
Simplifying yields
(X = Dy = xa, — oz + ow(¥€ — (1 = P)l) — (Tily + 7¢&)

(x +0— 1Dy = xar — (ow(l — ) + 7)ly — (1¢ — owth) & (3.1)

Equations 1.3 and 3.1 describe a two equation solved flexible price model.

E.3 Dynamics

From the system described by (1.3) and (3.1), we can solve for output in terms of

shocks and past values of output:

—a¢ — ¢ — —&
2 H 2
B (iat—l - o= l) t—1 — 'u—ft—1> +
l Hi l
(1-9) (woAft ~6-T 1Aazt) -4
Simplifying yields
et _e-Da-a),
i (0
= {(X o1 + -1 - ¢)1 Ty—1 + 1CLt - ¢&at71
2] (0 i 2

— (1 - p)wog; — [(1 — ) (wo — 1) — %] 1+ 0 (B4
l

An increase in risk aversion o increases the feedback from output to leverage,
which in turn increases the financial accelerator component of the above expres-

sion. In addition, greater risk aversion increases the direct leverage response to

24



uncertainty shocks on impact, captured by the terms (1 — ¢)wo.

E.4 The safety trap

Volatility of output

T T T
0.72 |- .
0.7 -
0.68 |- -
0.66 |- | | | | L
1 2 3 4 )
g

Figure 6: Output volatility and risk aversion in the flexible price model with risk
shocks only. Prior means were used to parameterise the model for this example.
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F Derivations for Section 3

F.1 Optimal policy under flexible prices

Our loss function is derived from Equation 1.8, with o = 1,
1 2
A= 5(1 + CL))X ('It - that)
1 .
+ Jw (ki + (C =) =) 17+ w (ke — (¢ — )Y) L& + tip.

From 3.1, we have the following aggregate supply condition

X(xt - at) = —(C + 71— 1)lt - (Té - U‘*W) &

The macroprudential policymaker’s problem can be expressed as a Lagrangian:

= 1
L :EZ Bt {5 [(1 + w)X (:L'? — QJZtCLt) + w%llltg + QWI%lgltft}
t=0

— g (X2 — X + (C+ 7 = D)l + (7 — owrp) &]
— [Clir — (C =) Iy — wp&qr + (1 + w)é]} .

where

Ry =k + (C =) (1 —=19)
Rig = ke — (( = V)Y

The first order conditions are

v 0= (1+w)x(@ —a) — xu

L 0=whyly + wriels — (C+1— D+ (C— )y — %Vt_l

Using the aggregate supply condition to eliminate x; yields

X

(C+7'l—l)ltﬂL(TE_wa)&:_l%—w

Mt
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Eliminating /4,

0=w(ru+ (=)0 =)l +w (ke — (C—¥)P) &

+ H?W(C +7 -1 ((C+7m— 1)l + (e —ow) &) + (¢ — )y — %Vt_l

(xwhu + (1 + w)07) I, = — (xwhie + (14 w)9de) & — x(C — ) + X%Vt_l
(E.1)
Substituting (F.1) into the Leverage curve yields

0= C |:_ (Xw%lg + (1 + w)ﬁﬂ%‘) Et[ftJrl] — X(C — w)Et[VtJrl} + X%Vt:|

B
— (xwhu + (1 + w)9}) wp&pr + (xwhn + (1 + w)d7) (1 + w)vé.

—(C =) [— (xwhkie + (1 4+ w)ide) & — x(C — ¥)v + X£Vt—1:|

Dropping shock terms:

0=¢ [—x« B ] + x%]

(- 9) {—x@ ot x%m}

Simplifying yields
BC(C =) Erlrra] = (P + B (C—9)") e+ C(C =2 ma =0

The characteristic equation is

BEC =) " — (C+ B —1))d+C(C—¥)=0
with solutions

_ (= _ ¢
¢l_ C ) ¢2 B(C_w)

The first solution, ¢4, is inside the unit circle, giving us the general stable solution
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below:

o= E LI né (E2)

Substituting (F.2) into the leverage constraint allows us to solve for 7.

0=¢ [— (xwhig + (1 + w)010¢) Bi[€1] = x(¢ = ¥)Eulviga] + XM

—(c-v) [— (xwitie + (14 w)00e) & — x(C — s + xgutl}
— (xwhu + (1 + w)07) WPE[Er41] + (xwhu + (1 +w)d) (1 +w)eé.
0=¢ [— (xwhkie + (1 + w)9ie) pe&e — x(C — V)npe&s + xgnét}

= (€ =) [= (whig + (1 + w)thde) &

— (xwhu + (1+ w)07) wpels + (xwhn + (1 +w)d7) (1 + w)ipé;.
0 =nxC[C(1 = Bpe) + Bpet] + B (xwhie + (1 + w)dide) (C(1 — pe) — )
+ B (xwhu + (1 +w)07) (1 +w(l — pe))o.

B (xwhig + (1 +w)dide) (C(1 = pe) =) + (xwhn + (14 w)97) (14 w(l — pe))Y
x¢ C(1 = Bpe) + Bpeyp

(E3)

Now, write the Leverage curve as follows:

Cliy1 = (C=Y) [ + W& — (1 + w)p&y — (Oppa

where (0,1 is an expectation error shock. Use (F.1) to eliminate [,

¢ [— (xwhie + (1 + w)le) &1 — X(C— )y + X%Vt:|

= (=) {_ (xwhkie + (1 4+ w)Wide) & — x(C — ¥)v + ngtl]

B
+ (xwhn + (1 +w)97) (Wi — (1 + w)p& — ('141)
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and use F.2 to eliminate v,

¢ |~ (e + (1+@)90) Erir — X(€ — ) + x%nft

= (C =) [= (xwhig + (1 + w)ide) &
+ (xwhy + (14 w)07) (W€ — (1 + w)p& — (')

retain only terms measurable in ¢ + 1,

C[= (xwhie + (1 +w)dide) €g a1 — X(C — ¥)neg41]
= (xwhu + (1 +w)0}) (Weg 41 — (8'141)

5o (l(XW’%lf + (1 +w)dide) + x(€ — ¢)77} W¢>
t+1 = €et+1

(xwhn + (1 +w)03) T

Now use (F.3) to eliminate 7,

~ Wk 1+w)9 9 1— —
Sury = (xwhie + (1 + w)de) — x(¢ — ¢)% N ’£+é(1+_;;p;)i)5(,€iu; pel=e)
- (xwhu + (1 +w)v7)

oy B (ki (140) 97 ) (14w(1—pe))v
| x(E-Y)se {T=Bre) +Brev 9
(xwha + (14 w)d5) ¢ |

1 (xwhig + (L +w)0ile (G =BC=9)* \ B =)0 +w(l—pe))d
Opy1 = c ( ( >

i+ (L+w)df N2 = (¢ = ¥)fpe E- - DBe “””) e

§yor = (xwf%zs + (14 w)9 9 ( ¢? = B¢ —1)? ) (4 w)BC =) —w( 1/)) it
" xwhu + (L +w)d9y \ ¢ ((C — ¥)Bpe (2= ¢(C—¥)Bpe et
The ratio
xwhie + (1 + w)d e
xwhn + (1 + w)i?

is the current period marginal rate of transformation between the social costs of
uncertainty and the social costs of leverage. It tells the policymaker how much

leverage must fall in order to offset the social costs of an increase in uncertainty.
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In the competitive equilibrium, uncertainty shocks increase current period lever-
age but they reduce leverage over longer time horizons. When uncertainty is high,
the return to inside wealth is also high, and entrepreneurs’ inside wealth grows
quickly. As leverage is persistent, macroprudential policy has a persistent effect
on the path of leverage, and can exacerbate the medium term fall in leverage in re-
sponse to a contractionary uncertainty shock. This persistence may not be desirable.
The second term in brackets,

(1+w)B(C— 1) —w

Ry P

reflects the persistent effect of current period uncertainty on future leverage, and

dampens the optimal macroprudential response to uncertainty shocks.

E2  Joint optimal policy

In this section we solve for jointly optimal monetary and prudential policy under
commitment. We separate the problem into two parts. Under log utility, the effect
of the monetary policymaker’s action on leverage is mediated through the optimal
policy of the prudential policymaker. So, we solve for the monetary policymaker’s
problem (ie. the path of x, ) first, then the prudential policymaker’s problem (/).

The combined policymaker’s problem is

= 1
minE S {5 [(1 +w) (%rf +x (22— 2xtat)> +wigl? + 2winel &,

— pp [T + B + Axx — Axar + Al + A&y
v [Clip1 — (C =) Iy — wip&ppn + (1 4+ w)y&]}
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The first order conditions are

3

T 0:(1+w))\7rt+,ut—ut_1
T 0=(14w)x(z; — ar) — X
[: 0 = w(Ruly + Rie&e) — M + (= V) vy — £Vt71

p

We first solve for 7, x then solve for [. Using the first order conditions to eliminate

7, x from the phillips curve,
O = — Tt + B]Et [7Tt+1] + AXZL’t — )\XCLt + bwt

where b = [AJ; ¢, w,=[l, &]. The product bw, is a bounded process.

1+w)e
0= (e — pr—1) — B(Ee[prera] — pe) + Axep + ( \ ) bwy.
Simplifying,
(1+w)e
0= —BE:[pes1] + (1 + B+ Axe) e — pe—1 + wat.

The characteristic equation is

0=pB¢*— (14 B+ Ixe)p + 1,

and the stable and unstable roots are given by @1, ¢- respectively:

(1+ B84+ xxe) — V(1 + B8+ Axe)2 — 48 B (1+ B4+ Axe) + /(1 + B8+ Axe)? — 48
Y1 = 23 ) P2 = 23 .

The unique solution is

1+we | 1= i
fi = Priy—1 — %5 ort > 0y Balbuwy ]
=0
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(See Woodford, 2003, Ch. 7 Eqn. 2.7). We denote this solution as
Mt = P11 — Wwat- (E4)

for the linear map

-1
M = (I — iA) , where A=
¥2

The inflation rate satisfies
- €
em = (1 — ¢1)Tp-1 + ﬁ_%watv

where z; = x; — a; (See Woodford, 2003, Ch. 7 Eqn. 2.12).

Now, substitute the first order condition for leverage into the deterministic lever-
age constraint to derive the deterministic component of the dynamic evolution of the

shadow cost of the leverage constraint v:

0= Clt+1 - (C - w) ly
= C[)\ﬁl,utﬂ - (C - ¢) Vi1 + %Vt] - (C - ¢) P\ﬁlﬂt - (C - w) Ve + %th]

= M(pte1 — Grpie) — (¢ =) (We1 — dai) + %(Vt — P114-1)

We can derive the deterministic component of y by iterating (F.4) backwards:*

(14 w)e I

fiy1 — Q1ply = ————

“Note that the backward looking stochastic component of ;. depends on the macroprudential
policy, but the deterministic component does not.
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Therefore we have

0=—=(C =) (Vg1 — O1n) + 5 (v — d1ve—1)

I Kt

which has the stable solution
Vi = Q11 + g,
for some process u;. Now substitute this solution into the leverage constraint

0 = CEy[li1] = (€ = ¥) Iy = WPE[§i41] + (1 4+ w)&,

= whyE[li1] — prwhnly — W’%ZZW%Et[gt+1] + why (1 + w)%ft

¢

— —whBilgen] + M ] — (€~ D) B +

i~ whigbe + M — (C— )i + %ut_l]

- WI%UW%Et[&H] + why (1 + W)%ft

= A Ealjiesa] — dajie) — (¢ — ) (Bulona] — duve) + %m )

k(L4 w(l— p) 2+ (61— pewhicts

c
A9
_ 0 2L 8 ] = fu) — B0 ]+ + K

BAY,
¢

Now, we’ll derive a condition for w, the macroprudential policy action, then attempt

Uy = 5¢Et[ut+1] - (]Et[,ut—i-l] - ¢1Ht) — k& (E.5)

to combine it with the restriction above to complete the solution. With macropru-

dential policy, our (realised) leverage constraint becomes

Clivi = (C =) li + wpéer — (1 4+ w)P&s — (Op 1
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where E,[d;,1] = 0. Substitute in the optimality condition for leverage,

0=Cliy1 — (¢ =)l —wip&q + (1 + w)é; + (O y1

= whylit1 — grwkyly — WI%UW%&H + whiy(1+ w)%ft + whpdit1
= —wRiep1 + Ml — (= V) Ve + %Vt
— O1[—whieb + Ny — (C— ) + %Vt—l]

— W’%llw%&+l + why (1 + W)%gt + Wkl

Retain only terms measurable in period ¢ + 1

0 =My (pre41 — Eefpera]) = (€= ) (i1 — Eefvia])

A w Wk
—w (/‘flg + —/m) €etr1 + ——0'141

¢ ¢
= My (pe1 — Eefpea]) — (€ =) (wpr1 — Efursa])
. wy R
—w (filg + T/ﬂz) €et+1 + WREOL1

whndirr = =M (o1 — Bepena]) + (C— ) (urpr — Eifugia])
N wy
+w (F&lg + Twlﬂzz) €ctr1 (F.6)
Now use (F.5) to solve for the expectation error on the lagrange multiplier at-
tached to the leverage curve. We denote this expectation error by A°E; 4 [u1] =

U1 — EiJupq], and, without loss of generality, we denote A°E, ;[z414;] =
Et11]2t4+14] —Et[2t4+14;] as the component of the time ¢ expectation error on 21
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that is revealed in period ¢ + 1.

AeEt+1 [ut+ﬂ
BAY;

=" A°Eyp[peye + Bdipirs + (Bd1) pega + -..]

5/\191
¢
— KAEyy1[Es1 + Bo1&esa + (Bd1)*Erss + -..]
B (T +w)e B
- C ﬁQOQA M (¢2 ¢1)
X (Br(pr + A) + (B01)* (7 + prA+ A%) + (861)° (0] + T A+ 01 4% + A%) + ...) Ay [wi 4]

A9 k
ﬂC l(bl(ﬂ 2)\> bMAeIEtH[th] megwl.

P1AEq i1 [pe1 + Boipiero + (Bd1) pregs + ...]

Note that

(Bor(p1 + A) + (Bh1)* (07 + 1A+ A%) + (Bo1)*(0F + pTA+ 91 A% + A%) + ..))

)29
=1 I——A
i <¢2 — ¥ b2 ’
which we can use to further simplify the expression,

A (1 A
AeEt+1[ut+1} — ﬂg l (ﬁ;;\)ng ((,252 — (,251) <I+ (¢2€i2<p1> <I @A) ) AeEt+1[wt+1]

0 1+
_ 5( l¢1 ( B@:)A)EbMAe]Et+1 [wt+1] — %EEtJrl
BN (L +w)egs _<¢>2—¢1>< _1A)‘1 Ac
B ¢ BpaA bM (I P2 — 1 ! ¢2 Bt [wer]
P2k
— ¢2 — pg E'Et+1'

Or in terms of the price level we have

B,
¢

k
—€
1— Borpe

AEyp1fuga] = A°Eyiq [¢1m+1 (1 - e} Z Be1) Mt+2+y} -
7=0
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where

b= 2 (a1 1= p) S + (00— ).

¢ ¢

We can solve for w by substituting either of the above expressions into F.6. In terms
of the price level we have

wR 1 = —)\ﬁlAeEtJrl[,utJrl] + (C — 1p) AeEt+1[ut+1] +w (ng + Cw Kll) €ct+1

BAY;
¢
C—¢Y B

g (w&ua Sl = pe) L+ (0 - pawﬁns) it

= (14 w)eti(1 - B7)AErp1 Y (Bd1) prs1+

Jj=0

w( 1= 367 Béy—w(l=Bon) v )%1

= —AﬁlAe]Et+1[/~Lt+l] + (C - w)

A°Ey 41 (¢1/~Lt+1 (1-Be) Z Bér) Mt+2+j)
7=0

N wp
+w | Rig + T’fll €¢t+1 —

— Rl

1 — Bo1pe o 1— Borpe ¢

o9}

¥ .
Opy1 = (1—;—,&?(1 - B¢%)A6Et+l Z(5¢1)]pt+1+j
j=0
N ( L — B¢} R 6¢1—w<1—5¢1>y>6
1 — Borpe hu L—Boipe  ¢)
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In terms of leverage and uncertainty we have

. wyp
wWRO1 = = AN AE 1 [puga] + (C— ) AEygq [upq] +w (filg + 2[}%11> €ct+1

(1+4+w)e )
= -\ | — DM ACE Ww.
I ( Fonh t41 [Wit1]

pAY; (1 + w)edo P2 — 1 AN
+(C =) ( c WbM (I— (M) (I— ¢2A> ) A Et+1[Wt+1]>
+(—v) <— ¢2¢ikpg EEt+1> +w (/%lg + wf%u) €et+1

-1
=g, LW (¢2 — ¢’1> bM (I - ;A) A°Ey 1 [wit1]
2

BoaA  \ P2 — 1
P2 — 1 . 1—w(pe—1)wip

+ WHKg€ — = ——RI€t+1
Go — pe e P2 — p¢ ¢ N

~1
Solving for M (I — éA) yields

1 -1 1 -1 1 -1
M(“M) - (I_sz> (f‘@“‘)

:<1_1 o1 —(1+w(l—pe)t ) (I_llqm —<1+w<1—pg>>fD1
Y2 ¢2 0 pf

0 Pe
o ( 1y 1 ) (4+w(l=pe)) %
— (p2—01)(d2—¢1) d2—d1 | p2—pe ) (p2—01)(P2—p¢) ¢
P22 3 .
0 =) Ba=r0)
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Using this, we can further simplify the expression for §’,

A°Ey i [wig1]

1  (pr—petda—o1)(14w(l—pe)) o
wt%zl5t+1 =\ (1 " w)g (¢2 - ¢1> bs02¢2 [(%_%)(%_%) (¢2_¢1)(W_pé)fw_%)(@_ps) ‘

BpaA \ 2 — ¢ 0 (pa—pe)(b2—pe)
¢2 - ¢ w/%l €ctr1 — M ’(/}Kflle t+1
¢2 e @2 — pPe C :

20 +W) ¢2 — P1 1 e
=M B (<f>2 - 901> ¢ (02 — 1) (92 — <¢’>1)A Evaftea]
(14 w)e <¢2—¢1) ( (2 — pe + 2 — 1)1 + w(l — pg)) 71’)
o2 | — €ett1
(

292
T\ e b2 — 01) (2 — pe) (02 — 61) (G2 — pe)

(1+w)e <¢2—¢1) 1
AV B ¢2 — Q1 ? (o2 — P&)(fi)z - P&) et
+ b2~ 41 WRg€et 41 — 1zwigz =D wﬁll€£t+1
P2 — pe i P2 — pe ¢
(I +w)e o (ww 1 >
R R e e R e ARl
2 (1+w)e galpz —pe+ g2 — 1)1 +w(l —pe)) ¥ Ceern
B (da—1)(p2 — pe)(p2 — 61)(2 — pe) € s
(1+w)e d2(¢p2 — 01)
A9
A (e — o) (2 — pe) (B2 — pe)
+ b2 = &1 Whig€et41 — 1owlda —1)w iﬁllfﬁt-&-l
¢2 — pe P2 — pe ¢

S (Xw,‘%15+(1+w)19ﬂ95§(1—fy) <¢2—¢1) 1—w(¢2—1)w)
t+1 — - €et+1

xwhn + (1 4+ w)dis P2 — G2 — pe ¢
3.5

where
o1 — pe + (L +w(l — pe)) ¥

Y2 — Pe

Axe 05
B (02— ¢1)(d2 — 1)

’y:

g:

E3  Optimal macroprudential policy under sticky prices with an interest rate rule

In this section we’ll derive optimal macroprudential policy under an interest rate
rule regime. We’ll focus on technology shocks only, which best illustrate the dif-
ference between this regime and the flexible price and optimal monetary policy

regimes. Importantly, under an interest rate rule (or other, non-optimal monetary
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policy regimes) there is a role for macroprudential policy in reducing the welfare
costs of fluctuations in marginal costs, even if those costs emerge from technology
shocks.

We first seek a general solution to the following IS-PC system, derived from
(1.1) and (1.2) with the interest rate rule 7; = ¢, 7:

C=Dy

Ty = E[SUtH] - (<Z5w7Tt - Et[ﬂtﬂ]) - ¢

Ly

Ty = B]Et [7Tt+1] + )\X([Bt — Clt) + )\ﬁllt
Guess and verify the following general solution:
Ty = NoaGt + Nl

T = Nralt + T]ﬂ'llt

Substituting our general solution into the IS-PC system, we get:

Nea@t + Narlt = ENza@iir + Nailiir] — (Or Mrate + Nml) — Et[Nra@iir + nrilisa]) —

Nratt + Naily = BEt[Nratir1 + Nrilis1] + AX (Nwat + Nl — ar) + A0y,

Separating out the a, and [/, terms, we get:

Nrxalt = E[na:aat—i-l] - (qbﬂ'(nﬂaa't) - Et[nﬂaat—f—l])

il = Elipailia] = (Ox (hmls) — Baltimliga]) — v

Iy
¢

Nratt = BEt[Nra@ii1] + AX (Mzatr — at)
Nrily = BE[Nmili1] + A (Nuile) + MOyl
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Simplifying, we get:

Nzl = — (gbﬂ_gbl)ﬂnl—(g—l)

1—¢
Nra = — M
T (1= Bpa) + LAy
A= (= DAx
Nrl =

(1= Bon) + 22
(3.8)

We can treat this solution as a constraint on the macroprudential authority, sum-
marising the IS-PC block of the model. The prudential policymaker’s Lagrangian

1S

L= EZBt {% [(1 + w) (%Tf + X (xf — 2xtat)> + w/%ulf}
=0

— Mt [Trt — Nralt — lelt] - 5,75 [xt — NzaQt — nxllt}
—Ut [Clt+1 - (C - T/’) lt]}7

The first order conditions are

T 0:(1+w)§7rt—,ut
x: 0:(1+W)X(It—at)—(§’t
L: 0 = whule + Nerpte + 1a1ds + (C — ) v — £Vt71-

B

Use the optimality conditions to eliminate 7, x from the IS-PC block:

€

Mt:(1+w))\

(nmzat + Nrl lt)

0y = (1 + w)X (Neatts + Narle) — az)

We can then use these expressions to eliminate p, w from the first order condition
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for leverage,

0= w/%”lt+7)7rl(1—|—w)

>| ™

0= ((,UI%” + (1 + M)Ul) lt + (]. + w)vaat + (C - '(b) Vy — %Vt—l-

where
V= S Xy Ve = e X0t (e — 1).
As in the flexible price or joint optimal policy regimes, after substituting this

expression into the Leverage curve to eliminate leverage, we can solve for the fol-

lowing general solution for v,

Vp = Q1V—1 + Ngay

where ¢, = C_Tw Substituting this general solution into the Leverage curve allows

us to solve for 7:

0=C(CEfliya] — (=) 1

= (E; [—(1 + w)vaar 1 — (¢ — ) Vi1 + %Vt:|

— (€ ) |~ W = (€ Bt Gu

= (C =) (2 — pa)naar + (1 — pa) (1 + W)Uy

Ne = — <¢1_pa> (1+w)va
‘ ¢2_pa C_¢ '

Now, write the Leverage curve as

Clt+1 = (C - w) Iy — C5t+17
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where (0,1 reflects macroprudential policy, and E;[0;,1] = 0.

Cliy1 = (( = V)l = (041 =

¢ [—(1 + w)Vati11 — (¢ — V) Vg + %Vt:|

=(C—) {_(1 +w)vaa; — (C =) v + %%11 — (wky + (1 +w)vr) (Op1-

Retain only the terms that are measurable in time ¢ + 1,

(why + (1 +w)vr) (01 = C[(1 4+ w)va + (¢ — ) 1] €ar1

= (ZZ — ﬁ:) (1 + W) Vaati1-

Ultimately, we have

€at+1-

5 _ (¢2 - ¢1> (1 + LU) (%%ﬂ?m + Xna:l(na:a - 1))
t+1 — ~
i $2 = Pa why + (1 +w) (i?]frl + Xﬁiz)
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G Derivations for Section 4

The model
Vpy = —puly + xar + Year
li = gili—1 — P Ay + degy
where
Vp:=0—14x wo=C—1
Y l—0o oc—1
pr=1—-= Or = (1—0¢ Pp 1=
¢ 1=9 ;

Solving for leverage

li = dili—1 — QoW — T4-1) + Ocus
ﬁxlt = ¢l19xlt—l - Cbx(_,ullt + Xag + ’yeat) + QS:c(_H’llt—l + Xai—1 + ')/eat—l) + ’193356(115
Pu o Uy

l; = ol —(xa; + ve, —(xa;_1 + V€u— +—6€a
! ¢t L 79 _(ba: l<X ! 7 t) ﬁw_(ba:,ul(x -t eat 1) 79:;:—%,“1 !
Iterating backward
lt = ¢$ (X(Sat + 75€at) 756(11‘/ + ¢ |: ¢$ (X(Satfl + ’7660,1571) + ﬂiﬁé‘eatfl
19 — Qutil Vo — Gufiy Vo — Papuy Vo — Qully
2 ¢z 19
+¢ { S R——" —————(xda;—2 + Ydeqr—2) + R l5€at 2]
+¢3 |: ¢z (X5at 3 +")/5€ + 3) + L(sﬁ t 3:| +
19 - ¢w B “ 191 - (bw/fél “
o Uy
= % I at + at) + —9 a
791 - ¢m/-1/l (X€ ! e t) 791 - Qbac,u/l Cat
X 5% DX

[p =14 ¢l eat—1 — (PP —p+op— ¢+ 0] €ar—2

_ €at — A
1937 - (,ZSz,LLl K ﬂr - d’m,u'l 19T - ¢mﬂl

DX 3 2 2 9 9 3
—m[P — PP+ op* —dp+¢*p— " + ¢’ €ar—3 — ...

buy O)bary _— -
- €a ‘r+ a -r+
9o — o T z9 i Z¢ 1y, —¢xulz¢ Cot—
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o0

¢mX ¢xX ¢1X
lt =79 _ " at—T1 - o . Cat—1 at—
T o 2 Vet (= A=+ (L= P = ot Al s
+(1—p)19 Giz;f z [P2+¢P+¢2} €at—3 + ...

(bxf}/ ¢$7 T— 1
a + €at—
79 _(bx,ule ! 19 _¢xul Z¢ !

0,0 X
€at—r
19;r - ¢$/’Ll TZZO ¢ ‘

Solving for output
We start by re-writing the Phillips curve as follows:

L 1
Ty = _g_lt + ﬁ—Xat + ﬁ—%at

Substituting the solution for leverage yields:

7=0 =1 j=1
g /Ll¢;r T —1
+ = €at—7 — €at—r
FR” [Zas - Z¢ -

/“5 Z (bT €Cat—1

19m - ¢xﬂl —0

+ % ; pTeat—‘r

€at

79_9;(1
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H Derivations for Section 5

Proof of Remark 1. The proof of Remark 1 follows from inspection of Equation
ASm
Derivation of Equation 5.1

Starting with the Leverage curve (1.3) and the relationship between the equity risk

premium, leverage and uncertainty (A.5), we can write the equity risk premium as

Apy = _%ptl + (1 + %) YA — d g 1¢Al’t-

The equity risk premium will be stabilised (p = 0) if there is a monetary policy that
can maintain the following path of output:

Az — (M) A&, (H.1)

o—1
and by (A.5), this monetary policy will ensure

Iy = —§t~ (H.2)

To complete the model, we use (H.2) to eliminate leverage from the Phillips curve
(1.2), and add an i.i.d. shock to the process for output, €,,;, which we interpret as a
monetary policy shock.

Ultimately, this yields Equation 5.1:
Az = (14 722) A — . (5.1)

Proof of Remark 2. The proof of Remark 2 follows from inspection of Equation
50 m
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Characterisation of the financial stability interest rate policy and proofs of Propo-

sitions 4 and 5

For the derivations in this subsection, we start with the following reduced form

representation of our model:

7y = BE[ma] + Aoz — Yoty + Uil + Vey) (H.3)
li = dilio1 — pu Dz + P AG — (1 — ¢)&—1 — 0i€it + Og€ar — Ogegy (H4)
1.
ry = B[] — p; (i¢ — E[mga]) — vily — Ve (H.5)
Monetary policy shocks

We consider a monetary shock to be a one period shock to the interest rate
at time zero, before monetary policy returns the real interest rate to the financial
stability interest rate ** in subsequent periods. We assume that at period ¢ — 1 the

economy is at the origin.

i() = €0 (H6)

On impact, Equation H.5 becomes

1
xo = Eolxy] — P (€0 — Eo[m]) — mlo

In subsequent periods, r** is restored, ensuring that [, = 0, V¢ > 1. Thefore, we
replace the IS curve with the following conditions derived from the leverage curve
(H.4)

0= il — ¢pz(1 — 20), (H.7)

Tt = Tp—1 Vit Z 2. (H8)

From the leverage curve (H.4), we can derive the on-impact response of leverage to

the monetary policy shock:

lo = —@zw0 — di€jo. (H.9)
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Substituting (H.9) into (H.7) yields

= (1= ¢)zo — %52'610- (H.10)

From period 1 onwards, leverage is at its steady state level and output is constant at
its new equilibrium. We can solve for 7, using the Phillips curve (H.3):

In turn, we can solve for inflation on impact

T = BE¢[mig1] + Mazo + Milo

1)\193:5 ((1 - ¢l)$0 - %&QO) + /\19:c$0 - ¢cc)\19l$0 - )\’(91(52'61'()

We substitute the conditions (H.10) and (H.11) into the IS curve (H.5) to solve for
the path of output:

1
1o = E[z] — p (€io — E[m1]) —vilo

= (1 - ¢z)l"0 - %51'62'0 - % <€i0 - A ((1 - ¢z)$0 - %52'610)) - 71(—§Z5sc$0 - (5i€z‘0)

-5
0= —outa-+ 00— - (~ 222 (1= )

1
1 YV
(ZCS €0 — o (EiO . 3 ( 215 610)) + Y10:€i0

A

( —6a) 1:‘2%0) 0= o = S = 1 S + o b
( ) — 1:¢’wx> xo—(1+(a’ (g—m)+ﬁﬁ2)a> cio

1-8
1—¢, ) [ N, &
) - 1—5”’”) (H(a (E_”>+1—6¢x)5> 0

(H.13)
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Now substitute (H.13) into (H.10) to solve for z:
A,
~o0 (om0 =20 (14 (o (L) + 22 2 0)

—(1—a) (1 + (0/ (% - 71) + %%) 5z‘> - (U/(le — NPz) — 11%%[/\19;::> 2L,

<U/(¢l Vi) — %)\%) .
—(1 =) = (1= @)’ (£ =) 0 = 0'(én — m62) 20,
— 6
( (o1 — M) — 1—5)\ ) ’
_ —(1 - ¢l) —0 (i—i - ”Yl) 0; ‘o

,<¢l - 7l¢$) - li_m/\ﬁ$
(A=) +o (S — )5,
o' (1 — Ngs) — = ¢l>‘79

T = €i0

(H.14)
Leverage on impact is given by (H.9) and (H.13)
lo = —duo — di€io
- (bw (1 + (OJ (i_i - ’Yl) 1\195 (fl) > ( ((bl 7[¢w) - 11%%)\1917> 516
= - i0
o (¢l - '7l¢1) - Tl)‘ﬁz
0+ (0 (60 = 100) + £2570.) 6 — (0'(61 = 6,) = =40, ) 6
o (@ —6s) — UM, ’
(b )\191 (5
lo=— €0
o' (¢ — %cbx) AN,
(H.15)
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The real interest rate on impact is given by (H.13) and (H.12)

o = €0 — E[’ﬂ'l]

1%65 <(1 ~fm zx5 EZO)

o (=00 (14 (o (& =) + 35 2) 5.> o
ey o= — o, e
o' (o1 — i¢z) .

o (61 — ) — LN,

2, ((1 — &)o' (% _ 7;) n %@%mx) 5

+ — 6iei
1-3 o (61 — Na) — 2D, o

o —mea) o 1550 (01— na)
o/ (01— Mbs) — LN, (qbz - m) T

o' (&1 — 119z) ( 1 A ) .
o' (o1 — Npz) — lfd)l s oo 15" )"

= Go —

= €ip T

(H.16)

Supply shocks

In response to supply shocks, the monetary policy authority can maintain finan-
cial stability by ensuring that leverage remains at its steady state level. We can use
the leverage curve (H.4) to solve for the path of output. The leverage curve can be

simplified for this example to the following:
le = Qili—1 — e Ay + Og€ar-

In order to maintain leverage at its steady state level, output must be constant in the
absence of prudential policy, or follow a random walk in the presence of prudential
policy:

a
Ty = Tp-1+ —€at-

bq
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In turn, we can solve for the path of inflation using the Phillips curve (H.3):

Ty = 6Et[ﬂ-t+1] + )‘ﬁxl‘t — )\ﬁaat

A, Lha N
T\ T ) T 1= B,

Uncertainty shocks
In response to uncertainty shocks, the monetary policy authority can maintain
financial stability by ensuring that leverage decreases one-for-one with the increase

in uncertainty, [, = —&,;. The leverage curve (H.4) implies that output will follow

Al = —(1 = ¢)lio1 — Pz + P AE — (1 — Pr)&—1 — g€t
= =0, Az + P A& — Ocegy
0= —0, Az + (1 + @) A& — g€y

Go Az = (14 ¢¢) A& — Ogees
Solving for the path of output yields

! ; (%55 Aﬁt - 2551&

Ty = Tt +

1+¢ )
Ty = p gft - Z _éeft—T
X 7_:0 X
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We can solve for inflation at time ¢ using the Phillips curve (H.3):
Ty = BEy[miq1] + Mgy + ANl + My

Ay AU,
= BE[meqa] + ( 3 “(1 4 ¢e)ér — p ~0¢ Z Qt—T> + (Mg — A&
z x =0

9, A,
=5EMHA+A(¢G+¢9+65 l)a—¢)Q§:%T
r r 7=0

52 (14 e) + ¢ — .
:A< =B BE:QtT

The real interest rate is given by the IS curve (H.5):

e = 0 (Be[Azppr] — mile — 7e&e)

1
=0 ((Pg—l) ;:gbg +’Yl—’75> &

1
=0 (—(1 — Pe) ;¢5 + 7 —%) &

From the Fisher relation, the nominal interest rate 7, is

iy = 1 + Elmq]

=0 (—(1—/)5)1;gzsg +’n—’yg> &

Ay (1 +¢ )_’_/\19 —\ >\’19x5 t+1
+ E; & ¢ ¢ l +1— b Z€§t+1 —r
1 — Bpe — B4
(1= pe) (1 + ¢¢) p M?x( + &)
=—a( Zx 2+ e &+1_;% . N — A ) &
)\1915

_ ¢z BZQ”

While the financial stability interest rate promotes an expansion in response to a
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typically contractionary uncertainty shock, this does not necessarily require a de-

crease in the policy nominal interest rate. The uncertainty shock increases marginal

Ay (146 )
b

and reduces the real interest rate even in the absence of a decrease in the nominal

costs (refer to the terms + A¢), which in turn increases expected inflation

interest rate. The financial stability interest rate also decreases leverage in response
to contractionary uncertainty shocks (refer to the term +;), which in turn increases

aggregate demand for every level of the real interest rate.

The inflation stabilising interest rate, r*

We start with a reduced form representation of our model with inflation 7 set to

zero for all periods:

T = ﬁ;at — Q%Zt — 19,5§t (H17)
L= gilio1 — oAy + G A — (1 — )& (H.18)
1t = o (B[Azi] — 2l — &) (H.19)

where ¥} = 9;/49, for j € {a,l,&}.
We use the Phillips curve and leverage curve (H.17,H.17) to solve for x4, [, in

terms of lagged variables and exogeneous states:

¢ ¢ﬂc l (ézrﬁ, ¢£ + ¢ZE
_ a_ A rerT e
T od T et T

— ¢

b= 1— @19’

Ag — ——&1. (H.20)

Iterating backwards,
GV L= (90— ¢V
== 1T—0 \ " 1-@@22 1—@@ =i

+@+m%£ %+%% 1— ¢ @—%ng
1o U i )1 = \1—ad; ) S
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Solving for output,

oy ¢27, 1— ¢ = (¢ — 69,
xt—ﬁaat‘f‘ﬁzl_(bmﬁ, <at_ 1—¢z?92;(1—¢x19/) atlr)
¢§ b + ¢V G + 00\ 1 — ¢y o1 — .0,
1o T (1 M) ) 1= 0.0, ; < 1= 0.7, ) S

— & —

_ G0i0(1 = 6) o~ (61— 695\
R A (e Z:: =g, ) “7

B 19’£+¢a92§t+02 (1 N ¢§+¢x19/§> 1—¢ i (gbl ¢x19’) bL

1 — @0 1= 0.0 ) 1= a0 = \ 1 — ]
Substituting into the IS curve (H.19) yields
1 v x4 (1 — 1) 5 (@ —w;)T
o ri=—(1-p, ~a —— - Aa;_,
! ( P )1 - (bzﬁ . (1 - (bxﬁly ; 1— (bmﬁl '

Vet o, o (1, Pt PVe) 1= 5~ (di— b
M e A (” 1—@19’)1—@19’;(1—%79’) R

quﬂ/ 1 - QSZ ¢l qbccﬁl
o ( 1 — ¢, ( R P Z ( — 6., ) “t—l—T>>

- %ft
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1 . (1 —pa)Vy U0 (1 — @) = (¢ — ¢,V
e — ¢, . (1 — ¢,0))? Z ( 1 — ¢.7, ) Ay

Ve + ¢¢0; ( %+%%)1—@ m(
(1= pe)=—e, + 0, 1+ ,
S g 1 — 6,0, 1—@@2%

GV, L= (= 01\

P¢ + P ¢£+¢z79/g 1=y ~— (0 — ¢u]
—7(1—@/@ ( o) e (Vo) ¢

- 75&

Focusing on the response to within period technology shocks, we have

Cbl ¢$
1 — @0,

e (L=l G(1=6) .0,
¢ =0, T (g T g
+ ;F(gh 51?—17 gt—?a vy Qp—1, Qp—2, Z
i;gtt
L dv ¢V ,
ry = 1_ Qb;ﬂ% <(1 pa) + 1— qb;ﬂ%(l ¢l) 71¢m> ay + ft
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The profit rate is

o', $?9, ,
T:—i_’ot - ngﬁ/ < 1ib¢$19/<1_¢l) _7l¢x) at+pt+ft
_ o, b9, ,
7_1_¢x19/ ( 1_¢x19/<1_¢l)_7l¢x) at‘i‘?ﬂlt—Fft
o', ( ¢m79,

1— gﬁxﬂ’ 1 _ ¢gﬂ9/ (1 - ¢l) - '7l¢x) Qg

¢2Vq 1— ¢ = (¢ — ¢ )
o (‘1 — 0] (“t 16,9 2% ( — 0.0 ) ““‘T)) o
A oty o
R ((1—pa)+—1_¢xl%(1 &) 7l¢x) wl—d)xﬁ" ai + f/
- Ol (1= 00 =0+ 2 Yk g7

T T 0.0 (“‘p“)* 1= 6.0,

In terms of our standard parameter assignment we have

The profit rate is
o—1,.q/ o—1
o+(¢—-1 9 U (-1 o—-1 ¥&= "
* = — 4 1-— a —_— — + a; +
Tt+pt C _02119; ( p)+1—UC1192C U+C_1 C 0'+é—1 t ft

B o', oV (o™
——m((l—pa)+m(1—¢z)—%¢x - ) ar + f}'
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